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Abstract

State-of-the-art chess engines, such as Stockfish and Leela Chess Zero, have achieved
unparalleled performance by employing advanced models and techniques like neural net-
works and reinforcement learning. Despite their superhuman level of performance, these
methods have essential limitations in terms of interpretability and energy-efficient train-
ing. This thesis proposes a novel approach to chess move prediction, that utilizes Bayesian
statistics, factor graphs, and the sum-product algorithm. The proposed method empha-
sizes interpretability while also maintaining reasonably efficient training. Furthermore,
the method introduces uncertainty measures into the prediction process, opening inter-
esting avenues for further investigation. While the current model demonstrates high
interpretability and reasonable accuracy, this work also explores potential enhancements
to further improve accuracy. The thesis details the design, implementation, and testing of
this move prediction function, emphasizing its ability to predict strong moves by learning
from a dataset of high-Elo games. Additionally, it briefly discusses the model’s potential
to contribute to the future development of chess engines and, more broadly, to the ad-
vancement of interpretable artificial intelligence systems. By bridging the gap between
raw computational power and human-like reasoning, this approach provides valuable in-
sights into the decision-making process of Al systems, specifically in the context of chess
move prediction.



Zusammenfassung

Hochmoderne Schachprogramme wie Stockfish und Leela Chess Zero haben durch den
Einsatz fortschrittlicher Modelle und Techniken wie neuronaler Netzwerke und Rein-
forcement Learning eine beispiellose Leistung erreicht. Trotz ihres Erfolgs und ihrer
iibermenschlichen Leistungsfahigkeit weisen diese Methoden wesentliche Einschrankun-
gen hinsichtlich Interpretierbarkeit und energieeffizientem Training auf. Diese Arbeit
schldgt einen neuartigen Ansatz zur Vorhersage von Schachziigen vor, der auf Bayesscher
Statistik, Faktorgrafen und dem Summen-Produkt-Algorithmus basiert. Der vorgeschla-
gene Ansatz legt den Schwerpunkt auf Interpretierbarkeit und gewéhrleistet gleichzeitig
ein relativ effizientes Training. Dariiber hinaus fithrt die Methode Unsicherheitsmafse in
den Vorhersageprozess ein, was interessante Ansétze fiir weitere Untersuchungen eréffnet.
Waéhrend das aktuelle Modell eine hohe Interpretierbarkeit und eine solide Genauigkeit
aufweist, untersucht diese Arbeit auch potenzielle Verbesserungen zur Steigerung der
Genauigkeit. Die Arbeit beschreibt das Design, die Implementierung und die Testung
dieser Zugvorhersagefunktion, mit einem Fokus auf ihre Fahigkeit, gute Ziige nach dem
Lernen aus einem Datensatz von Partien mit hohem Elo vorherzusagen. Dariiber hinaus
wird kurz das Potenzial des Modells erortert, zur zukiinftigen Entwicklung von Schach-
programmen beizutragen und im weiteren Sinne zur Entwicklung interpretierbarer KI-
Systeme. Durch die Uberbriickung der Liicke zwischen roher Rechenleistung und men-
schlichem Denken bietet dieser Ansatz wertvolle Einblicke in den Entscheidungsprozess
von KI-Systemen, konkret im Kontext der Vorhersage von guten Schachziigen.
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1. Introduction

1.1. Motivation

Over the past few decades, chess engines have achieved remarkable progress. One of the
most iconic moments in Al history occurred in 1997 when IBM’s Deep Blue defeated the
world chess champion Garry Kasparov in a standard six-game match — the first time a
computer had ever accomplished such a feat [1]. Since then, advancements have led to
state-of-the-art chess engines like Stockfish and Leela Chess Zero, which have widened
the gap between human and machine performance even furthelﬂ Today, these engines
are not only essential tools for analyzing expert-level chess gamesﬂ but also for helping
amateurs improve their skills - widely accepted as superhuman chess-playing machines.
However, this raises intriguing questions: What makes chess engines so effective? And
how interpretable are the decisions made by these engines, especially given that we rely
on them to analyze weaknesses in human play?

1.2. Chess Al Landscape

Stockfish

Stockfish is considered one of the best chess engines in the world, consistently placing first
in all major Top Chess Engine Competition (TCEC) events since 2020 [4]. Originally,
Stockfish was a highly optimized, heuristic-based engine utilizing alpha-beta search with
a complex handcrafted evaluation function [5] [6]. However, with the rise and popularity
of neural networks, Stockfish underwent significant changes to its evaluation function in
2020. Initially developed in the context of computer shogi [7], the efficiently updatable
neural network (NNUE) architecture was integrated into Stockfish, moving from a solely
handcrafted evaluation function to a neural network enhanced solution, leading to a
significant performance boost [§]. Over the next three months, Stockfish improved by
over 100 Elo points—a leap equivalent to about two years of traditional development at
the time [9].

The following is a brief description of the NNUE used in Stockfish, as outlined in the offi-
cial Stockfish NNUE documentation [II]. The most notable neural network architecture

!This is evident from the significant advancements in AI, which have dramatically boosted the strength
of chess engines. The increasing gap between humans and machines can be seen through Elo ratings
and notable matches, such as Grandmaster Nakamura’s Al-assisted 1.5-0.5 loss to Stockfish in 2014
[2]. For more on the impact of Al advancements on chess engine strength, see [3].

2Chess engines are routinely used during tournaments to provide real-time analysis, often highlighting
mistakes or missed opportunities by the players.
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Figure 1.1.: Overview of the HalfKP architecture, the initial neural network architecture
used in Stockfish. The network comprises of 2x40960x256, 512x32, 32x32,
32x1, totaling 20,988,960 parameters. Figure source: [10]

used in Stockfish is the HalfKP structure, as shown in Figure[I.T] In this architecture, the
chessboard is encoded in a specific manner before being fed into the neural network. The
encoding works as follows: On a chessboard, there are two kings — one white and one
black — and five piece types for each color, i.e. ten non-king pieces. In the input layer
there are two "halves" (one for each king), in which there is a node for every king-square
to piece-square combination which will be set to either 0 or 1. For instance, if the white
king is on b3 and a black pawn is on a6, the node b3-a6-bp in the white king input layer
"half" is set to 1. This process is repeated for all white king and piece combinations as
well as all black king and piece combinations - all other input nodes are set to 0. This
results in 64x64x10 nodes for the white king and an additional 64x64x10 nodes for
the black king, totaling 81,920 nodesﬂ. The structure and number of inner layers in the

3We were not able to find an official explanation for the architecture name "HalfKP," but based on
our understanding, it likely refers to the two halves of the input layer, each centered around one of
the Kings (considering all 64 possible positions for each). These halves are then combined with the
positions of the ten non-king Pieces, thus the name "HalfKP".
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neural network are somewhat specific to the exact architecture. In the final layer, the
output layer, a single node corresponds to the evaluation of the position.

The neural network is trained using gradient descent, guided by a loss function that
measures the difference between its output (the value of the single node in the last layer)
and the evaluation generated by Stockfish’s traditional alpha-beta searchlﬂ Essentially,
the network learns to predict the evaluation value that the alpha-beta search would
produce. When the NNUE-based evaluation is integrated into the alpha-beta search, the
neural network effectively doubles the search depth, significantly enhancing the engine’s
performance.

A crucial feature that makes this neural network practical is its efficient updatability.
The encoding of the chessboard sets specific input nodes to either 0 or 1, depending on
the positions of pieces on the board. As a result, when a move is made or unmade in
the context of search, only a very small number of input nodes need to update their
values. This allows for an efficient updating process of the output node’s value, without
requiring a full pass through the neural network, which would be necessary in a traditional
approach.

Leela Chess Zero

Leela Chess Zero is a relatively new chess engine that utilizes reinforcement learning and
deep neural networks. In 2018, it made history as the first neural network-based chess
engine to win the main event at the TCEC [4]. Developed as an open-source project,
Leela Chess Zero was created to replicate and validate the remarkable results of Google’s
AlphaZero, whose source code was never publicly released despite its groundbreaking
performance [6]. Like AlphaZero, Leela Chess Zero starts with only the basic rules
of chess and learns to play entirely by playing against itself — a process known as
reinforcement learning. The core algorithms and principles underlying AlphaZero were
published in the seminal 2018 paper "A general reinforcement learning algorithm that
masters chess, shogi, and Go through self-play" [I3]. Leela Chess Zero’s structure closely
resembles that of AlphaZero and is best understood through its underlying algorithm:
Monte Carlo Tree Search (MCTS).

Monte Carlo Tree Search is an algorithm for evaluating game positions by simulating
random play-outs, updating the values of encountered positions based on the game’s
outcome — win, loss, or draw. This iterative process, as described in detail by Browne
et al. [I5], consists of four main stages:

1. Selection: In this phase, the algorithm traverses the tree recursively, selecting
child nodes at each level until it reaches an expandable node. An expandable node

4We were unable to find a source explicitly clarifying how these evaluations were derived. However, the
official NNUE release states that the network was "trained on the evaluations of millions of positions
at moderate search depth" [§], likely from games played against itself. As of 2024, on Stockfish’s
GitHub, there are downloadable datasets from past training [12], including evaluations from self-
play of Stockfish in 2021 (which by then, was already able to use NNUE). Therefore, it is likely that
NNUE was further trained on evaluations generated by alpha-beta search that had already integrated
NNUE, leading to continuous improvement of the model.

Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024 3
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Figure 1.2.: Diagram illustrating the steps of Monte Carlo Tree Search (MCTS). The

process begins with the Selection phase, where the tree is traversed from
the root to a leaf node (= node that has unexpanded nodes, i.e. there exist
moves that have never been played from the corresponding game state). In
the Expansion phase, one of these unplayed moves is selected at random,
played, and the resulting game state is added as a new node in the tree. The
Simulation phase follows, where the outcome of the game is simulated by
playing random moves from this node onward. Finally, in the Backpropa-
gation phase, the results of the simulation are propagated back up the tree,
updating the values of the nodes along the way. Figure source: [14]

corresponds to a non-terminal game state with unvisited child nodes. The selection
policy determines which child node to choose at each level. A popular policy is the
UCT (Upper Confidence Bound applied to Trees) policy. This policy selects the
child node with the highest value (winning probability) plus a correction factor that
favors less frequently explored moves, reflecting greater uncertainty. Formally:

2-InN

n;

UCT(i) = v; +2-C-

(1.1)

where v; is the value of child node %, n; is the number of visits to child node
i, N is the number of visits to the parent node, and C' > 0 is a constant that
balances exploration (trying new moves) and ezploitation (choosing moves known
to be effective). If n; = 0 for a child node, UCT(¢) is set to infinity, ensuring that
every child node is expanded at least once.

Expansion: When an expandable node is reached, the algorithm selects an unvis-
ited node (indicated by an infinite UCT value) and adds it to the tree.

Simulation: The game is played out randomly from the newly added leaf node in
a process known as a simulation or random rollout. The result of this simulation
can be a win, loss, or draw, typically represented as +1, —1, and 0, respectively.

Backpropagation: The outcome of the simulation is backpropagated up the tree,
updating the values of the nodes along the path. Nodes associated with winning

Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024
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outcomes have their values increased, while nodes associated with losing outcomes
have their values decreased. During backpropagation, the value, such as +1 for
a win, is propagated upwards while flipping it’s sign, since a win for one player
counts as a loss for the opponent.

As summarized in Klein’s work "Neural Networks for chess" [6], Leela Chess Zero follows
AlphaZero’s idea, and enhances the Monte Carlo Tree Search by integration of neural
networks, specifically in the following way:

1. Value Approximation: Instead of relying on random rollouts to estimate the
values of leaf nodes, Leela Chess Zero employs a neural network to approximate
these values. In theory this should lead to a faster convergence to the "real" values
of the nodes.

2. Dynamically Weighted UCT: The expansion of already visited nodes is im-
proved beyond the traditional UCT approach by using a dynamically weighted
UCT policy. This policy adjusts the correction factor based on a prior probabil-
ity learned by the neural network, reflecting how promising a move is for further
exploration. The updated policy can be expressed as:

N
Weighted-UCT(i) = v; + p; - A /I;T (1.2)

where p; represents the prior probability assigned by the neural network to the move
corresponding to child node 4. In this approach, the dynamic prior probability p;
replaces the constant factor C used in the classic UCT method as seen in Equation

[L1).

The neural network in Leela Chess Zero functions as follows: the input is a special
encoding of the game stateﬂ and the output is divided into two main components, referred
to as "heads": the value head and the policy headlﬂ The value head is a single node
and estimates the probability of winning from the given game state, effectively assessing
the position’s valueﬂ The policy head, on the other hand, consists of many nodes and
assigns a value to each possible move, determining the likelihood of selecting that move,
with these values converted into probabilities using a softmax function.

SFor a detailed explanation of how the game state is encoded, see Section 4.4.1 in Klein’s "Neural
Networks for Chess" [6]. In brief, the input layer comprises 112 planes, each of size 8x8 (which can
be flattened into a single long array). The first 6 planes encode the positions of the player’s six piece
types, followed by 6 planes for the opponent’s pieces, and this pattern is repeated 7 times to capture
also the last 7 positions in the game. Additionally, special planes are included to encode information
such as castling rights, repetition rules, and other game-specific details.

5Strictly speaking, as noted in Klein’s work [6], the neural network originally extends AlphaZero’s neural
network by a third component, the "Moves Until Terminal State"-head. However, this component is
excluded here because it is not essential for understanding the core architecture of Leela Chess Zero.
Additionally, as Klein mentions, Leela Chess Zero’s architecture is subject to ongoing development.

" Again, strictly speaking, Leela Chess Zero uses three nodes (win, loss, draw) instead of one node like
AlphaZero, which is not essential for understanding the core architecture.

Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024 5
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The neural network in Leela Chess Zero is trained through the following process: Initially,
the network’s weights are set randomlyﬂ Training data is then generated by thousands
of games of self—playﬂ During self-play, the values of each node (game state) in the
search tree and the playout probabilities of each move while MCTS are recorded. These
playout probabilities are calculated by dividing the number of visits to each node by the
total visits to all possible moves. The network’s weights are then adjusted using gradient
descent, guided by a loss function that measures how closely the policy head’s output
matches the MCTS-derived playout probabilities and how well the value head’s output
(for game-state-inputs) aligns with actual game outcomes [I3]. Over time, and with
extensive training, the network converges to weights that somewhat accurately predict
playout probabilities and game state values. Therefore in practice, this neural network
enhanced MCTS, leads to more precise exploration of promising moves while minimizing
the exploration of less relevant ones.

1.3. Objective

Over the past few years, neural networks have gained significant popularity due to their
impressive performance across various tasks [17] - as also for chess engines, as described
above. However, two major disadvantages have become increasingly apparent: inter-
pretability and energy efficiency [I8, [19]. The growing complexity and size of neural
networks, along with the rapid development of new architectures — spawning an entire
field of research known as deep learning — have exacerbated these issues. While neural
networks are not a new concept, having been known since 1950s with the introduction of
the perceptron proposed by Rosenblatt [20], it is only with the recent rise in availability
of computational power that training these increasingly complex neural networks has
become feasible.

The high energy consumption required for training neural networks has emerged as a sig-
nificant limiting factor. For example, GPT-3’s training demanded an immense amount of
energy, estimated of consuming 1287MWh [21], equating to the daily power consumption
of approximately 95.000 households - or in other words, the amount of power a household
consumes over a duration of 260 year@ Similarly, while AlphaZero was initially touted
as efficient in Google’s press release, requiring only 24 hours to reach superhuman play
[13], the actual computation involved was vast, involving 5000 custom-built first gener-
ation TPUs and 64 second generation TPUs [23]. Leela Chess Zero, particularly as an
open-source project, also faced this challenge, which led to the development of distributed
computing solutions. In Leela Chess Zero’s case, users could download a client and con-

8 A neural network is a parameterized function, where the term ’weight’ refers to its parameters. The

goal of training is to learn these weights, i.e. to find values for these weights such that inputs to the
function map to meaningful outputs.

°In self-play, both players use Monte Carlo Tree Search (MCTS) enhanced by the same neural network.
By default, the training client downloads the latest "best" version of the network, though one can
manually download and specify specific versions for data generation through self-play [L16].

10 Assuming the average yearly consumption of 4.978 kWh for a Three- and more person household.
Source: [22]

6 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024
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tribute their CPU power to the training process. By September 2024, after six years,
Leela Chess Zero has played nearly 2 billion games against itself, averaging nearly one
million games daily, and amassing countless CPU hourﬂ On a smaller scale, Stockfish
also demands substantial computational resources for training its neural networks. Since
the launch of FishTest, Stockfish’s official testing framework, in 2013, over 15,000 CPU
years{E have been utilized, highlighting the immense computational requirementﬂ As
a result, energy consumption has become a critical constraint in neural network research,
driving a trend toward research for more efficient networks and machine learning methods
[19, 26| 27].

Interpretability is another significant challenge for neural networks, especially when com-
pared to more transparent machine learning techniques. One of the main obstacles is the
sheer number of weights in a neural network, which makes understanding the model’s
internal workings difficult (for example, the HalfKP architecture in Stockfish has roughly
21 million weights; see Figure . Additionally, neural networks often consist of tens or
even hundreds of layers, with architectures that can appear somewhat arbitrary, making
them inherently less interpretable. Even when attempting to interpret the weights of a
neural network, the task is far from straightforward. For instance, in the case of the
widely-used MNIST dataset — a collection of digitized handwritten digits — one might
expect the network’s weights to correspond to interpretable features, such as detecting
circles or lines in specific regions of an image, and combining these to form recognizable
digits. However, in practice, these weights are often hard to interpretlﬂ This "black-
box" nature of neural networks has become a focal point in recent research [I8]. The
explainability of neural networks has become increasingly relevant in areas such as au-
tonomous driving, and medical diagnostics, where understanding the decision-making
process of neural networks is crucial [29].

This thesis addresses these issues by exploring a novel approach to chess move prediction
- among other things through the learning of a board evaluation function. Despite the
ever-growing, somewhat unnecessarily large, gap between computer and human chess
play, the interpretability and efficiency of training chess engines have been ever since
declining. This work proposes a solution aimed at achieving relatively high accuracy in
chess move prediction while enhancing interpretability. Although the model seeks efficient
training, we do not explore this as extensively as the interpretability aspect. Instead, we
focus on avoiding the extensive computational resources typically required by large neural
networks, which often demand hundreds or thousands of compute hours across multiple
servers. The proposed approach leverages Bayesian inference combined with the sum-

"' Numbers are taken from the official Leela Chess Zero training web interface. Source: [24]

2Numbers are taken from the official Stockfish’s testing web interface (Fishtest). Source: [25)]

131t is important to note that this includes non-NNUE-related commits to the code base, though isolating
NNUE-specific usage is challenging.

You can observe this yourself by training a neural network and visualizing the weights in each layer.
The resulting weights will often seem random and difficult to interpret. While we do not conduct
this visualization here, a demonstration of this can be found in the popular YouTube series on neural
networks by 3BluelBrown (Grant Sanderson), specifically in the video "Gradient descent, how neural
networks learn | Chapter 2, Deep learning" at minute 14:02. Source: [28]

Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024 7
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product algorithm applied to specially designed factor graphs. As we will see, by design,
these factor graphs are inherently more interpretable than traditional neural network
models. While this method may result in less optimal play, it compensates by offering
a more transparent alternative. Additionally, this method provides a unique measure of
uncertainty in the learned move prediction function, demonstrating a promising path for
future research.

1.4. Scope

While this thesis aims to develop more interpretable and potentially more efficient models
for chess engines, the focus is not on achieving the highest possible accuracy or creating a
superhuman-performing engine like Stockfish. Instead, the thesis concentrates on a spe-
cific aspect: a move prediction function. The focus will not extend to other components,
such as search algorithms like Alpha-Beta or Monte Carlo Tree Search, which are vast
areas of study with numerous optimizations that fall beyond the scope of this work.

The accuracy of the proposed model will not be evaluated based on the performance of
the chess engine against other engines, as this approach would not allow for the isolated
testing of the move prediction function which is the primary focus of this work. Chess
engine performance is influenced by many factors, including board representation, search
algorithms and heuristics, and SIMD optimizations (Single Instruction, Multiple Data),
making it difficult to attribute performance gains solely to the learnt move prediction.

Rather, to assess the accuracy of the model, the move prediction function will be trained
on a dataset of high-Elo human chess games, and its performance will be measured by
how accurately it predicts the moves made in those games. This approach effectively
evaluates the model’s imitation play — how well it can replicate observed game-play
after training. In the later chapters, we will explore potential methods to enhance the
model’s accuracy and discuss how this new move prediction function could be integrated
into search algorithms, considering the uncertainty measures introduced by the model.
Overall, we will use chess as an application for this explainable prediction approach,
without attempting to create a fully superhuman chess engine, which would exceed the
scope of this thesis.

Regarding energy efficiency, our focus will be on the "trainability" of the proposed model,
as well as its implications for larger models. However, we will not extend our observations
to a comprehensive evaluation of the method’s overall efficiency or how training efficiency
compares to prediction accuracy. Additionally, we will not directly compare energy
consumption to other methods, such as neural networks, as this would require a direct
comparison between the proposed method and neural network approaches using the same
model design — something that is not a key focus of our work. Instead, our emphasis
is on developing a model that enhances interpretability while remaining (accurate and)
efficient, specifically in terms of not requiring extensive training to converge to a "trained"
model.

8 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024
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1.5. Outline

We will begin with a chapter on the[Fundamentals| providing a brief overview of proba-
bility theory and its associated notation. Next, we will introduce factor graphs and their
graphical representations to simplify our discussion of the model. Additionally, we will
explore the sum-product algorithm, detailing its operation and practical considerations.
We will focus particularly on the Normal distribution, which will be prominently used in
our model.

In the next chapter, the chapter, we will discuss the idea behind the model and
introduce two specific model architectures alongside their graphical representations. We
will delve into the specific factors in the corresponding factor graphs and how updates
are performed within the context of the sum-product algorithm. During this process, we
will derive the factor equations and highlight the inherent interpretability these factors
offer. We will also highlight optimizations and practical details necessary for the efficient
execution of the sum-product algorithm.

In the next chapter on [Implementation| we will cover the programming languages and
environments utilized. We will also introduce Poppy, the custom chess engine developed
for this thesis, designed to be efficient with fast move generation through advanced tech-
niques to support the training required. Further, we will discuss the implementation of
the factor graph and its components, the sum-product algorithm and also the testing
environment and the methods used to assess model accuracy.

The following chapters, [Results| and [Discussion| will present and interpret the out-
comes of the move prediction function, exploring it’s implications, limitations and possi-

ble improvements.
In the final chapter, the [Conclusion] we will summarize the thesis, provide closing
remarks, and highlight potential future directions.

Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024 9






2. Fundamentals

In this chapter, we will cover the fundamental concepts and notation necessary for under-
standing the model described in the subsequent sections. The explanations and concepts
presented here primarily draw from Bishop’s "Pattern Recognition and Machine Learn-
ing" [30], as well as Ralf Herbrich’s lectures for the course "Introduction to Probabilistic
Machine Learning" at the Hasso Plattner Institute in Potsdam 1]

2.1. Basic Concepts in Bayesian Statistics

Definition 1 (Random Variable). A random variable X is a real-valued function X :
Q) — R that assigns each possible outcome A from sample space €2 a real value x € R. In
essence, a random variable translates outcomes from the sample space into real numbers.
If the image (see Equation (2.1))) of a random variable X is finite, it is referred to as a
discrete random variable. Conversely, if the image of X is infinite, it is referred to as a
continuous random variable. Formally, we define the image of a function f: A — B as:

image (f) :={be B |3ac As.t. f(a)=0}. (2.1)

Example 1.1. Consider tossing a coin N times. Let the random variable X represent
the number of heads that appear. If N = 2, the mapping X : 2 — R is as follows:

(tail, tail) — 0, (tail, head) — 1, (head, tail) — 1, (head, head) — 2.
Using (2.1) it follows that image (X) = {0, 1,2}, i.e. X is a discrete random variable.

Definition 2 (Probability). Probability is a measure of how likely it is for an event A
from sample space €2 to occur, and is represented by a number P(A) ranging from 0 and
1. A probability of 0 means the event is impossible, conversely a probability of 1 means
the event is certain. For a random variable X, probability relates to the likelihood that
X takes on a specific value z, written as P(X = x).

e For discrete random variables, the likelihood of X taking on a value z is described
by the probability mass function, as detailed in Definition

e For continuous random variables, the likelihood of X falling within a particular
range is given by the probability density function, as detailed in Definition

'Video footage of all lectures in the summer term 2024 can be found fhere [3T].


https://www.tele-task.de/series/1499/
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Definition 3 (Probability Mass Function). The probability mass function, or for short
PMF, is a function p : R — [0, 1] that assigns each value = € image (X) the probability
p(z) € [0,1] that the random variable X takes on the value . The PMF is defined only
for discrete random variables. The probabilities of all possible values x € image (X ) must

sum to 1:
> pl)=1. (2.2)

z€image(X)

Definition 4 (Probability Density Function). The probability density function, or for
short PDF, is the continuous counterpart of the probability mass function. Since the
image of a continuous random variable X is infinite, the probability of any single outcome
x € image(X) is technically zero. Therefore, instead of assigning probabilities to z,
the probability density function provides a relative likelihood for a continuous random
variable taking on the value x. More generally, the probability density function is a
function f : R — R>? that maps to non-negative real values, which unlike the probability
mass function, possibly exceed the range [0,1]. Similarly to how the probability mass
function must sum to 1, as seen in Equation , the probability density function must
integrate to 1:

J_OO flx)dx=1. (2.3)

The probability density function allows us to calculate the probability that X falls within
a range [a, b] through integration:

P(a<X<b)=be(w) dz.

Intuitively, the probability of X taking on a specific value € R can be seen as the
integration over an infinitely small interval:

P(X = 2) — lim [ f 0 dt] .

T

Remark 1. In this work, we use the terms probability distribution, probability mass func-
tion, and probability density function interchangeably. The term distribution is used
more broadly to refer to both the PMF for discrete random variables and the PDF for
continuous random variables. In some contexts, we will simply use the term distribution
when referring to the distribution of a random variable X, without explicitly specifying
whether it is a PMF or PDF.

Remark 2. In this work, we will use the following notations for summation and integra-
tion, as demonstrated in Equations (2.2) and ({2.3)), respectively:

ff(x) dz (for integration over x € R),
2ot

() (for summation over x € image (X)) .
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These notations will be used when the context makes it clear that we are summing or
integrating over all possible values of z, without explicitly specifying the domain or range
of z.

Definition 5 (Expectation and Variance). Given a continuous random variable X over
sample space R with density p(-) and a discrete random variable Y over sample space 2
with probability mass function ¢(-), the expectation E [-] and variance V [-] are defined

E[X] = f z-plz) d EY] =y a), (2.4)
Yy

VIX] = [@-EX)p@) i VY= R-ENV)aw).  (@5)

Example 5.1. Consider the case of a slot machine. Intuitively, the expectation an-
swers the question: "What is the average return I can expect?”, whereas the variance
addresses the question: "How much do individual outcomes tend to deviate from the
expected value?".

Remark 3. Note that we introduced the notation p(-). This dot notation will be used
throughout this thesis to indicate that we are not specifying the particular input. The
input could be any variable, such as x, y, z, and so on. This notation will be used,
especially in contexts where the specific variable is clear from the context.

Definition 6 (Marginal, Conditional, and Joint Probability Distributions). Let X and
Y be two random variables.

1. Marginal Distribution: The marginal distribution of X, or simply distribution
of X, denoted p(x), represents the probability distribution of X regardless of the
value of Y.

2. Conditional Probability: The conditional probability, denoted p(x | y), repre-
sents the probability distribution of X given that Y is known to take a specific
value y.

3. Joint Distribution: The joint distribution, denoted p(z,y), describes the proba-
bility that both X and Y simultaneously take on specific values x and y.

The relationship between the joint distribution, conditional probability, and marginal
distributions is given by:

p(z,y) =p(x |y) ply) =py|x) p(z). (2.6)

Definition 7 (Law of Total Probability). The Law of Total Probability provides a
method for calculating the marginal distribution of a random variable X by considering
all possible values of another random variable Y. It states that the distribution of X can
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be obtained by summing (or integrating, in the continuous case) over all possible values
of Y. Specifically, for discrete and continuous random variables, the law is expressed as
follows:

p(x) = > p( | y)-py) = Y. plx,y) pla) = fp(w | y) - ply) dy = fp(x,y) dy. (2.7)
) Yy

Definition 8 (Bayes Theorem). Bayes Theorem provides a method for calculating the
probability distribution p(y | ), given p(x | y) and p(y). Specifically, the law is expressed
as follows:
_ply) -py) 5
)= —"7. (2.8)
p()

Using Equation ([2.7)) for discrete and continuous random variables, the formula extends
to

p(y |z

p(z|y) - p(y)

_ an . p(@|y)-py)
ply]e) = >, (x| y) - ply) 4 pla

~ Sy -ply) dy

(2.9)

Definition 9 (Prior, Posterior, and Likelihood). In the context of Bayes’ Theorem, we
commonly refer to three key concepts: prior, posterior, and likelihood. These terms are
defined as follows:

plylz)ocp(x|y) ply) . (2.10)
——

— N
posterior  likelihood  prior

Notice that we describe this relationship as proportional to (oc), since we ignore the
normalization term p(z) (see Equation (2.8])).

Definition 10 (One-Dimensional Gaussian Distribution). A continuous random variable
X € R is said to be distributed according to a one-dimensional Gaussian distribution if
its probability density function is given by either N (-; u,aQ) or G(+;7,p), where the
parameters are defined as 4 € R, 0 € RT, 7 € R, and p € R". The probability density
functions are expressed as follows:
2
M) , (2.11)

N (25 p,0%) = Nor i - exp (— 52

1
mw-o
[» r i
G (w37, p) =[5 exD (—210> - exp (T'UC—P' 2) : (2.12)

If u=7=0and 0 = p =1 we simply write

N (z) := N (2;0,1) , (2.13)
G(z):=G(x;0,1) . (2.14)
These two formulations are equivalent under the transformations:

H -2
== d = 2.15
T="23 an p=o0 ~, or (2.15)
= T and o =pt. (2.16)

p
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Additionally, if X ~ N (+; u, 02), then
E[X] = u and V[X] = o> (2.17)

We refer to p as the mean and o2 as the variance, as is standard. We denote 7 as the
precision-mean and p as the precision.

Remark 4. The notation X ~ D is used to indicate that the random variable X follows

the probability distribution D. In this context, the symbol ~ is read as "is distributed
according to."

Theorem 1 (Gaussian Multiplication Theorem). Given two Gaussian densities
G (+;71,p1) and G (+; 12, p2) we have

G(z;m,01) -G (2;72,p2) = -G (z;71 + T2, 01 + p2) , (2.18)

where ¢ is a normalization constant. This means that multiplying two Gaussian densities
results in a (potentially) non-normalized Gaussian density, specifically one where the new
precision-mean s the sum of the precision-means, and the new precision is the sum of
the precisions.

Proof. For a detailed proof, see Appendix [A] ]

Theorem 2 (Gaussian Division Theorem). Given two Gaussian densities G (71, p1)
and G (372, p2) with py > pa

G (x;711,p1)

G@imp) G (@371 — 72,01 — p2) - (2.19)

where ¢ is a normalization constant. This means that dividing two Gaussian densities
results in a (potentially) non-normalized Gaussian density, specifically one where the
new precision-mean is the difference of the precision-means, and the new precision is the
difference of the precisions.

Proof. For a detailed proof, see Appendix [A] O

Limit Gaussian Distributions There are two limit cases we would like to consider for

N (5 p,0%):

1. Dirac Delta. The limit case of 0% converging to zero and y = 0. The resulting
function is called a Dirac delta and is formally defined as followsﬂ

Definition 11 (Dirac Delta). The Dirac delta function, denoted 4 (-), is a nor-
malized function defined as zero everywhere except at 0. Formally, it is defined
by

§(z) == lm N (z;0,0%) . (2.20)

020

2Note that if one seeks a Dirac delta with mean p # 0, this can be realized by subtracting the mean s
from the argument = because of the identity A (m; W, 02) =N (:c — 130, UQ)A
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2. Uniform. The limit case of 02 converging to +c0 and g = 0. The resulting
function is effectively a constant function and is formally defined as follows.

Definition 12 (Gaussian Uniform). The Gaussian uniform function ¢ (-) is a nor-
malized function defined as constant everywhere. Formally, it is defined by

U(z):= lim N (z;0,0%) . (2.21)

02—+

Cumulative Distribution Function An important quantity is the cumulative distribu-
tion function (CDF) of the Gaussian density.

Definition 13 (Gaussian Cumulative Distribution Function). Given parameters p € R,
o € R, the cumulative distribution function ® ('; 1, 02) of a Gaussian N (-;,u,a2) for
any t € R is defined by

t
o (t;,u,02) = j N (z;p, 0’2) dz, (2.22)
—©

O (t) =D (t0,1) . (2.23)

2.2. Bayesian Inference

2.2.1. Background

At the core of machine learning is the idea of learning from data, which typically in-
volves recognizing patterns [30]. This concept can be understood intuitively through the
following examples:

Example 1. Suppose we were given random data, like trying to predict the outcome
of a roulette game based on the last million spins. In this case, prediction would be
impossible because the data is inherently random and lacks any pattern. There’s no
underlying relationship between past spins and future outcomes.

Example 2. On the other hand, imagine someone told us the height of a person. Even
without seeing them, we could make a rough estimate of their weight. While the estimate
might not be perfect, we intuitively understand that taller people tend to weigh more,
and shorter people tend to weigh less. In this case, we’ve identified a clear pattern.

Example 3. Similarly, consider recognizing digits in images. If shown images of the
digits "4" to "6," most of us could correctly classify these numbers. We do this by
recognizing specific patterns — such as the straight lines and corners in the digit "4" or
the circular shape of the "6".

In abstract terms, there must be some decision-making process, or a "black box," that
takes inputs, like a person’s height or an image of a digit, and produces outputs, such as
a weight or digit.
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The process of linking inputs to outputs is described by a mapping, or more formally, a
function. In machine learning, the goal is to learn this function. While in theory we could
store this function by storing every possible input-output pair, this approach becomes
impractical or impossible when dealing with large or even infinite input spaces. Instead,
we utilize parametric functions, which are characterized by a finite set of parameters.
Consequently, learning the function reduces to learning these parameters.

Example 4. In the Example [2 we might expect a linear relationship between height
and weight. A parametric function that describes this relationship could look like:

f(height) = m - height + ¢ = weight .

Here, the function is parameterized by a slope m and an offset ¢. These parameters
model the relationship between height and weight, and in machine learning, we aim to
learn these parameters (also referred to as weights) through data, i.e many examples of
height-weight-combinations.

Specifically, we aim to identify the function (parameters) that best explains our data —
essentially, the function under which the observed data is most probable. This approach is
commonly known as maximum likelihood estimation [30]. Moreover though, our interest
might not be limited to a single "best" function. Instead, we may seek to understand
how probable every possible function is for the observed data.

2.2.2. Formal Definition

Bayesian inference is one such machine learning method used to determine the proba-
bility distribution over function parameters 6, given the observed data D — formally
expressed as p(6 | D). As detailed in "The Bayesian Choice" [32], at the core of Bayesian
inference is Bayes’ Theorem: Given a prior distribution p(f) and a function which de-
scribes the likelihood p(D | #), Bayes’ Theorem (see Definition [8)) allows us to compute
the posterior distribution p(f | D). Once we have the posterior distribution, it can be
used for prediction.

Remark 5. In this work, we will use the terms function and model interchangeably. While
both refer to a mapping from inputs to outputs, the term model will often seem more
appropriate in later chapters, as it better captures the broader concept of a function.

Definition 14. Formally, we define all relevant variables and distributions as follows:

e De (X xY)", the training data consisting of n labeled training examples (x;, y;).
e 0, the parameters of the function (=model).

e p(f), the prior distribution of the model parameters 6 before any data is observed.
We also call this the prior belief or simply prior over 6. This distribution is specified
by the model designer during the design process. More details are provided in
Section [2.3] specifically in Examples [f] and [6]
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e p(D | 0), the likelihood of the observed data D conditional on the model pa-
rameters 6. Intuitively, the likelihood measures how well the observed data can
be explained given different model parameters. Again, this distribution is model-
specific and its formal definition is determined during the model design process.
More details are provided in Section [2.3] specifically in Examples [f| and [6]

e p(D), the marginal likelihood of the observed data D marginalized over the
parameters . By application of the Law of total probability (see Definition , for
the continuous case it is formally given by:

§(D) = [ (D 16)-5(6) @6. (2:24)

Intuitively, it can be thought as a "weighted average" of p(D | ) for all possible
p(0), indicating how well the model, in it’s entirety, explains the data.

e p(0 | D), the posterior distribution of the parameters, after incorporating the
observed data with our prior belief. This is the distribution we aim to learn. It is
formally given by Bayes Theorem (see Definition :

p(D | 0) - p(9)

p(0| D) = (D)

« p(D | 6) - p(6). (2.25)

2.3. Factor Graphs

2.3.1. Motivation and Overview

As discussed in Section 2.2 Bayesian inference is a method used to learn the posterior
probability distribution p(f# | D). However, the shape of the posterior distribution is
significantly influenced by the actual design of the parameterized function fy. This
design includes the choice of parameters, their interactions, and the overall structure of
the model. This raises an intriguing question: How do the posterior distribution and the
parameterized function relate to each other?

The answer lies in the following observation: both the prior p(6) and likelihood compo-
nent p(D | 6) are sufficient to derive the posterior (see Equation (2.9)) and both depend
on the parameters 6. Therefore, by carefully modeling the prior and likelihood, we can
incorporate the specific design of fy into the posterior.

Example 5. Consider Example [4 where we modeled height = and weight y using a
linear relationship:

fo(z) =01 -c+02=1y.

In this model, we might incorporate fy into prior and likelihood in the following way:

e For the likelihood p(D | #), we might choose:

p(D | 0) =p((z,y) | 0) = N (y; faz), %) = N (y — fo(2);0, %) .

18 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024



Alexander Herbrich Learning Explainable Move Prediction for Chess

This likelihood function measures how close the observed value ¥ is to the predicted
value fp(x) using a Normal distribution. It assigns high probability to parameters
for which fy(x) and y are close to each other, and low (asymptotically zero) prob-
ability to parameters for which fy(z) and y are far apart.

e For the prior p(f), we might choose:
p(0) =N (6; 1, %) .

This prior function represents our initial beliefs about the parameters 6 as a mul-
tivariate Gaussian distribution. Here, each parameter #; and 6, is expected to be
around g and pe, with some (co-)variance specified by 3. The specific values and
the details of the multivariate distribution are less important; what is crucial is
that the choice of prior can significantly influence the resulting posterior distribu-
tion. The likelihood p(D | #) for a specific # might be relatively high, even though
the prior p(#) might indicate that this specific § has low probability of being the
"correct" 6.

In this simple scenario, the factors - prior and likelihood -, were modeled by Normal dis-
tributions, i.e. the posterior as simply the product of two Normal distributions (ignoring
normalization over p(D)). However, both factors, the prior and likelihood, may them-
selves be composed of multiple factors, making the overall model more complex. In the
following, we will introduce a second, more complex example that will be referenced in
later sections and chapters. This example is closely related to the model we will explore
in future chapters, which is used for predicting moves in chess. Introducing this similar
model now will help provide an early intuition about the concepts and methods we will
use later.

Example 6. The following example is inspired by Herbrich’s work, "TrueSkill™: a
Bayesian skill rating system" [33]. Consider a scenario where we want to estimate the
skill levels of two players s; and sy based on the outcome of their head-to-head match
y € {—1,1}. For clarification, the s;’s correspond to the parameters 6, and the outcome
y to the observed data D. In this case, we might come up with the following model, i.e.
factorization into prior and likelihood:

e For the prior we might choose:

P(31782) = P(S1) ‘P(S2) = N(31§M1701) ‘N(82;M2702) )

i.e. the prior as the product of two mutually independent Normal distributions,
each representing the prior belief about each player ¢’s skill s; with a mean p; and
variance o;.
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e For the likelihood p(y | s1, s2), we might choose:

p(y | s1,82) 1= ffp(yvpbm | s1,52) dp1 dp2
= ffp(m | s1) - p(p2 | s2) - I(y - (p1 — p2) > 0) dp1 dp2

= ff/\/’(pl;sl,ﬁ) N (pa; 82, 8) - Iy - (p1 — p2) > 0) dp1 dp2.
(2.26)

In this likelihood function we introduce intermediate variables p; and pe which
represent the performances of the players in the match. These performances are
normally distributed around each player’s skill level, with some added noise j3,
modeling the natural assumption that players do not perform equally good in every
game. The indicator function I(y - (p1 — p2) > 0) ensures that the difference in
performances p; — po aligns with the observed match outcome y (i.e., if y is 1, then
p1 should be greater than ps, and if y is -1, then p; should be less than ps). Since
p(y | s1,82) is a function of y (and s; and sg), we need to integrate out all other
variables, which in this case are p; and ps.

In other words, our model is fully described by the joint probability function:

p(s1,52,p1,02,y) = p(y,p1,D2 | 51,52) - p(51, 52)
=p(s1) -p(s2) -p(p1 | 1) - p(p2 | s2) - Wy - (p1 —p2) >0).  (2.27)

In this specific case, we are not interested in the intermediate variables p; and po, which
can be marginalized out by integrating them away (similar to how it was done in the

likelihood term (2.26))), resulting in p(s1, s2,¥).

Remark 6. As one might notice, the joint distribution p(s1, s2,y) is not the posterior
distribution p(si, s2 | y), the distribution we are actually after. Rather, the joint distri-
bution is only proportional to the posterior distribution (see Bayes Theorem ) An
important insight here is that since y is observed, it is fixed and can be treated as a con-
stant. For instance, if we observe y = 1, meaning our data indicates that player one won
the match, a more appropriate formulation of the joint probability distribution might
actually be p(s1,s2,y = 1), i.e. it is only a function of s; and sy. Thus, formulating the
joint probability distribution (as a product of the prior and likelihood) is sufficient to
describe our model, as the posterior p(s1, s2 | y = 1) is merely a re-scaled version of this,
in specific p(s1, s2,y = 1)/p(y = 1) using Bayes Theorem.

Even though this model is still relatively simple, formulating such models for larger,
more complex systems can become tedious. This is where factor graphs come into play,
providing a graphical way to represent the dependencies between variables and the factors
that make up the joint probability distribution.

20 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024



Alexander Herbrich Learning Explainable Move Prediction for Chess

2.3.2. Formal Definition and Notation

Definition 15 (Factor Graph (Frey et al. [34])). Given a product of m functions
f1, f2, ..., fm, each over a subset of n variables z1, s, ..., x,, a factor graph is a bipartite
graphical model with m factor nodes and n variable nodes where an undirected edge
connects f; and z; if and only if the function f; depends on x;.

Example 15.1. Consider the function f that factorizes as follows:

f(x1, 2, 23) = fi(z1) - fa(xa) - f3(z1, 22, 23).

The corresponding factor graph to f is shown in Figure [2.1

b5l fo

fs

Figure 2.1.: Illustration of factor graph notation, where factors are represented by black
rectangles and variables by circular nodes.

Example 15.2. The factor graph shown in Figure corresponds to the Example [§
provided earlier, where we modeled the skills of two players based on the outcomes of
their matches. This graphical representation makes it easier to visualize the dependencies
between the variables and the structure of the joint probability distribution. Note that
in this case, we assume that the match outcome y = 1 was observed, as can be seen for
the center factor I(p; — pa > 0). For the case y = —1 the factor function would have

been I(p2 — p1 > 0) (see Equation (2.26) for reference).

p(s1) p(p1 | s1) I(p1 — p2 > 0) p(p2 | s2) p(s2)

Figure 2.2.: Factor graph representing the probabilistic model of the head-to-head match
outcome between two players, as described in Example [6] The graph illus-
trates the dependencies between the skill levels (s and s2) of the players and
their respective performances (p; and p2) and the observed match outcome

y = 1.
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2.4. Sum-Product Algorithm

2.4.1. Motivation

We previously demonstrated how modeling a complex function to describe our joint
probability distribution (proportional to the posterior) may lead to a factorization of
this distribution into smaller components, each dependent on only a subset of variables.
These variables can be categorized into two groups: observed and unobserved variables.

Example 7. In the model, which we introduced in Example [6] these variables were the
skill levels s1, so the match performances p1, p2 and the match outcome y.

e The variable y is observed and can be treated as a constant since we can replace
y in the joint probability with its actual value (as was done in Example [15.2)).

e The variables s1,s2,p1 and po are unobserved. Our main focus is on the skill
variables s; and s9, while p; and ps were introduced as part of the likelihood
component. However, we don’t directly need or care about p; and po; these kind
of variables are what we refer to as latent unobserved variables.

The sum-product algorithm, introduced by Kschischang, Frey and Loeliger in their paper
"Factor Graphs and the Sum-Product Algorithm" [35], is a method used to compute the
marginal distribution of each unobserved variable, conditional on the observed ones, given
a joint distribution over all variables.

In general, using the Law of Total Probability (see Definition , the process of deriving
a marginal distribution for an unobserved variable requires integrating over all other
unobserved variables, which unfortunately scales exponentially with the number of such
variables.

Example 8. Consider n Bernoulli distributed random variables X7, ..., X, (Bernoulli
meaning that they act in a binary way, taking on only values 0 or 1). The marginal
distribution of X; is given by:

p<xz) :Z Z 2 ---Zp(xl,...,xn).

Xi—1 Xit1 Xn

In this case, a (naive) computation of the marginal distribution, assuming n = 256,
would involve 22%° - approximately 1089 — summations, which is roughly equivalent to

the number of atoms in the observable universel

The sum-product algorithm leverages the fact that the joint probability distribution
may be factorized into smaller functions. Since not every function depends on every
variable, we do not need to (naively) sum over all possible combinations of unobserved
variables. The factorized structure allows the algorithm to minimize the number of
necessary summations effectively.

3This estimate can be (or rather, is typically) derived from cosmological parameters, which are for ex-
ample presented in "Planck 2018 results-VI. Cosmological parameters" [36] or "Wilkinson Microwave
Anisotropy Probe (WMAP) observations" [37]
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Example 9. For instance, consider the joint probability distribution p(zi,...,z,) =
[ I; p(z;). In this case we could have rewritten the summation as:

RERPIPIEDNI LED

X 1Xz+1 Xn J

= p(@i)- Y p(x1) -+ D) plwic1) Y p(wirn) Zp:rn :
X1

Xia Xit1

This reduces the number of summations from O(2") to O(n).

2.4.2. Message Passing

In this section, we detail the message-passing algorithm, specifically the sum-product
algorithm, as introduced by Kschischang et al. [35]. This algorithm follows a set of
straightforward rules to compute marginal distributions on factor graphs by sending
so-called messages between the nodes. While the algorithm yields exact results for tree-
structured graphs, the same does not hold for general graphs that may contain loops.
However, as noted by Kschischang et al., the algorithm can still provide good approxi-
mations even in the presence of loops. For now, we will focus on its application to tree
structures, where the algorithm operates without issue.

To clarify how the update rules are derived and to gain a better understanding of what
exactly is meant by message passing, we will use a specific example. The following ex-
planation largely follows the approach in Aji and McEliece’s paper "The Generalized
Distributive Law" [38]. Both the sum-product algorithm and the generalized distribu-
tive law are closely related, and as both Kschischang et al. and Aji-McEliece noted
in their papers (published around the same time), they can essentially be derived from
one another. Readers who are not interested in the derivation and intuition behind the
sum-product algorithm may skip ahead to Subsection [2.4.3] though it is not suggested.

Example 10. Consider a joint probability function f of the discrete random variables
X1, Xo, X3, X4 and X5 and it’s corresponding factor graph as shown in Figure 2:3]

f(x1, 20,23, 4, 25) = f1(x1) - fa(21, 22) - f3(2)

- fa(w2, w3, 24) - f5(23) - fo(x3,25) - fr(wa) - fa(ws). (2.28)
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fs

Mfs—X3 (x3)

Figure 2.3.: Factor graph for the function f in Example A few selected messages
my,x,(v;) and mx, .y, (z;) used in the derivation of the sum-product algo-
rithm are shown to aid in understanding the message-passing process.

Marginals and Messages: Let us assume we want to calculate the marginal distribution
for X5. Formally, this requires summation over X1, X3, X4 and Xj:

p(wa) = Y, 2 21> fil@n) fa(w, w2) fa(w2) fa(wa, w3, wa) f(w3) fo (w3, 5) fr(w4) fis(ws)

T1 T3 T4 T

= [2 fi(a) - fz(xhxz)] - [f3(22)]

~— M g3 x5 (22)
mg,—Xo (IQ)

: [ZZZ fa(@o, w3, w4) - f5(23) - fo(ws, x5) - fr(xa) - falws) | - (2.29)

T3 T4 T5
.

_—
mfy—xo(T2)

Notice how we can rewrite the joint probability as a product of sums, which is the
foundation of the "sum-product" algorithm. Specifically, each sum is a function solely of
x2. We refer to each of these sums (or functions) as a message from a factor to a variable,
denoted my, ., x,(z;). Specifically, my, . x,(v;) is given as the sum over all variables in
the sub-tree rooted at factor f;. As shown in Equation , the marginal p(z2) is
simply the product of all incoming messages from neighboring factors (see also Figure
m where the messages are highlighted in red).
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Messages from Factor to Variable: We can further refine the message equation for
messages from factors to variables. Consider the message equation:

Mpoxy(T2) = D00 falwa, w3, 24) - fo(ws) - fo(ws, w5) - fr(wa) - fu(xs)

=§§f4($2,$3,$4)' [fr(zq)] - §f5($3)'f6($3>$5)'f8(375) - (2.30)
mx,—f,(Ta) < -~ ~

mxgs—f, (T3)

As seen in Equation , we can express the message from a factor to a variable in a
more elegant form. Intuitively, sending a message from a factor (in this case, fy) to a
variable (in this case, X5) involves summing over all neighboring variables (X3 and Xy,
but not X3) and weighting these by the incoming messages from those variables (denoted
as mx,—p, (23) and mxy, .5, (x4)). Figure 2.3|illustrates this process, where the incoming
messages feeding into factor f; are highlighted in blue. More generally, these messages,
sent from variables to factors, are denoted as my, s, (z;) and represent the sum over all
variables in the sub-tree rooted at Xj.

Messages from Variable to Factor: Finally, we can also refine the message equation
for messages from variables to factors. Consider the message equation:

Mxy—ps(w3) = Y f5(x3) - fo(3,25) - fa(xs5)

[fs(xs)] - | D - folws,xs) - falws) | - (2.31)
N

Ts5
My x5(T3)

Mmyps— x5 (23)

As shown in Equation , a message from a variable (in this case, X3) to a factor
(in this case, f4) is computed by multiplying the incoming messages from neighboring
factors (f5 and fg), excluding the message from the factor to which the message is being
sent (f4). Figure illustrates this process, where the relevant messages are highlighted
in orange.

Intuition: In general, a message can be understood as a function that encapsulates
all the information from the sub-tree rooted at the point where the message originates.
Consequently, computing a marginal simply involves multiplying all incoming messages
from direct neighbors only, since these messages already carry the relevant information
from other variables and factors in the network. Similarly, a message from a factor to
a variable, such as from f; to Xo (which is a function of z2 and highlighted in red in
Figure , is computed as follows: fy is a function of zs, x3, and z4. Therefore, we
sum out x3 and x4 and incorporate the information about these variables from their
respective sub-trees via the incoming messages, which themselves are functions of x3 and

x4 (highlighted in blue in Figure .
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2.4.3. Update Rules

Definition 16 (Sum-Product Algorithm [35, B38]). We arrive at the following set of
equations:

pix)= [] msx(a), (2.32)

fene(z)
mpnx(@) = Y - Y [fadena”) mx (@) mxp(@)]
w'ene(f)\{z}  z"ene(f)\{z}
(2.33)
mxop@)= ] mpox(@). (2.34)

frene(z)\{f}

This approach is significantly more efficient than a straightforward summation over all
variables, as it allows local summations to be computed in O(2dm‘”), where djue =
maxy [ne (f)|, rather than the more computationally expensive O(2"), where n is the
total number of variables. Since ne (f) represents a subset of the n variables, it is clear
that dpmer < m. As a result, we can compute all messages (and marginals) in time
proportional to the number of edges E in the graph, yielding an overall runtime of
O(E - 2%maz),

Extending this approach to continuous variables simply involves replacing summation
with integration.

2.4.4. Normalization in Marginal Computation

Returning to our Example [0, where we modeled the skills of two players based on their
match outcomes, we defined the joint probability distribution over the skill levels s; and
s2, the latent variables p; and p2, and the match outcome y:

p(s1,82,p1,P2,y) = p(s1) - p(s2) - p(p1 | 51) - p(P2 | 52) - Ly - (p1 — p2) > 0).

The sum-product algorithm enables us to derive the marginal distributions p(s1), p(s2),
p(p1), and p(p2). While we refer to these distributions as marginal distributions, one
may wonder why we, for the example s, do not express them as p(s1,y) implying a
connection to the observed data y, especially since we are marginalizing out only the
unobserved variables. Specifically, we could write:

p(s1,y) = JJJP(31732ap17PQ7y) dsy dpy dpz. (2.35)

However, since y is observed, p(s1,y) effectively becomes a function of s; alone. There-
fore, it is conventional to simply denote this as p(s1). More importantly though, our focus
is not on deriving p(s1,y), but rather the posterior distribution p(s; | y), the probability
of s1 given the observation of y. Formally, we could derive this posterior as

pls1y)

26 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024



Alexander Herbrich Learning Explainable Move Prediction for Chess

As already mentioned in Remark@ given that y is constant (observed), the normalization
factor p(y) is also a constant and therefore does not affect the shape or relative values
of p(s1,y); it merely scales the distribution. This understanding underscores why we
typically do not place excessive emphasis on the distinctions among the notations p(s1),
p(s1,y), and p(s1 | y): the functions are essentially equivalent for our purposes, depending
solely on s; and not on y — this should not be confused with the fact that y is part
of the joint probability function (as a constant), which in turn influences the shape of
the marginal of s, i.e. different observations ¥y lead to different posterior distributions
p(s1]y).

Consequently, as long as the marginals computed by the sum-product algorithm are
correctly normalized, i.e., integrate to one, they can be understood as valid posterior
probability distributions, conditioned on the observed data. In this work, normalization
is achieved through the use of Normal distributions, which are inherently normalized.
As we will see, in each update step of the sum-product algorithm (applying Equations
(2.32), (2.33) and (2.34)), the resulting distributions will be calculated as new Normal
distributions, ensuring that everything remains normalized at every step (see Section
for the derivation of factor-specific update rules).

2.4.5. Practical Implementation and Considerations

Scheduling: The recursive structure of the update rules in the sum-product algorithm
(see Definition , leads to an efficient update schedule that computes the marginals for
all variables by passing a single message in each direction along every edge. This schedule
is termed the Generalized Forward/Backward schedule by Kschischang et al. [35]. The
steps are as follows:

1. Initialize all messages ms_, x(x) and marginals p(z) with a constant function (i.e.,
uniform distribution, like a Gaussian Uniform; Definition

2. Choose an arbitrary root variable zj in the factor graph.

3. Update all messages mys_,x(x) from the leaves of the tree rooted at xj upwards
to the root xp. After completing this step, the marginal p(xy) will be correctly
updated.

4. Update all messages mys_,x(x) from the root xj to the leaves "downwards”, to
update the remaining marginals.

It is important to note that different strategies can be applied when deriving messages
and marginals in the factor graph. If only a subset of marginals is needed, it may not be
necessary to follow a general update schedule like the one outlined above, allowing for
more efficient computations tailored to the specific marginals of interest.
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Storage Efficiency: Using the update equation ([2.32) for marginals, we can rewrite this
in a more interpretable way:

p) =[] mpox(@) =mp_x@)- [] mpox@). (2.36)
fene(x) frene(z)\{f'}

my_pr(x)

In other words, the marginal of z can also be computed by multiplying it’s incoming
message my_x from factor f and outgoing message mx_. s to factor f. For storage
efficiency, we therefore do not need to store all marginals and messages (both incoming
and outgoing). Rather we can store only two of the three components - the missing
component can be computed through multiplication or division. In this work, we store
the marginals and the incoming messages my_,x. The cost of performing multiplication
or division to derive the missing distribution is minimal with well-chosen distributions,
in our case the Normal distribution, outweighing the storage efficiency gains.

Approximate message passing: In the practical application of message passing, several
challenges arise. One significant issue is that marginals and messages can be somewhat
arbitrary functions; the only requirement is that marginals must be valid distributions,
meaning they must integrate to one. This is impractical, as we need a way to store and
handle the marginals and messages efficiently. To address this, it is common to choose
an "approximate" parametric distribution. In our case, as hinted before, we will assume
our marginals to be normally distributed, parameterized by their mean and variance.
As shown in the update equation , the marginal is the product of its incoming
messages my_,x. In the case of Normal distributions, this approach has an additional
benefit: according to Theorem (I the product of two Normal distributions is again a
Normal distribution. Since our normally distributed marginals are products of messages,
it is only logical to consider our incoming messages m_, x to be normally distributed as
well. Furthermore, examining the update rule for outgoing messages mx_,y, if we
assume the incoming messages mys_, x to be normally distributed, this would also result
in Normal distributions for the outgoing messages mx_,y.

However, when we inspect the update rule for the incoming messages my_, x, which
we want to model as Normal distributions, specifically:

mf—’X($) = Z Z [f(l',l'/,...,ﬂf”) 'mX’Hf(ajl)"'mX"*’f(':U”)]7
w'ene(f)\{z}  z"ene(f)\{z}

it does not necessarily follow that these messages will indeed be normally distributed.
For an arbitrary factor function f (for example, I(y - (p1 — p2) > 0) in Example @, the
resulting distribution may not be a Normal distribution.

This is where the concept of approximate message passing becomes important. Ap-
proximate message passing has been extensively studied (Minka provides a thorough
overview of key algorithms [39]), and although we do not explore it in depth in this
thesis, we will introduce the central idea. Approximate message passing involves ap-
proximating a probability distribution p by another (simpler) parametric distribution g,
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typically chosen to minimize some divergence measure. In our case, we focus on mini-
mizing the so-called Kullback-Leibler (KL) divergence, KL(p, q), where p is the true
distribution and ¢ is the approximation.

In particular, when necessary — such as when f = I(x > 0) — we will approximate
the "true" non-Gaussian message my_,x as follows. From equation ({2.36]), we see that
the marginal distribution p(x) is given by my_,x(x) - mx_f(x). Therefore, the "true"
marginal p(z) will also be non-Gaussian. We now find the best Gaussian approximation
p(z) for p(z) through a method known as Moment Matching (see Theorem [3). With
this approximation, we can calculate the approximate message my_,x by dividing the
approximate marginal by the outgoing message:

: i)

my_x(x) (@) (2.37)
Theorem 3 (Moment Matching). Given any distribution p(-) over a random variable X
and another distribution q(-) over X which is Gaussian N (~;/], 62), the KL divergence
KL(p, q) is minimized by matching the first two moments of the distribution p(-) to the

first two moments of the Gaussian distribution q(-). Specifically, the moments are given
by:

fi—E[X], (2.38)

& =E[X?] -E[X]*. (2.39)

In other words, the Gaussian distribution which minimizes the KL divergence, is the one,
which matches the mean and variance of the approximated distribution [39]E|

In theory, if the message ms_ x is a valid distribution (i.e. integrates to one), we could
instead directly approximate the message as a Gaussian my_,, using Moment Matching.
However, since messages can take on arbitrary forms, we cannot guarantee that this will
always be the case. For instance, the message ms_,x(z) = I(z > 0) does not integrate
to one, nor can it be normalized to do so.

Therefore, we choose to approximate the true marginal, which, as the product m_, x (x)-
mx—f(x) , is often more amenable to normalization. For example, if ms_ x(z) = I(z >
0) and mx_,s is Gaussian, then the marginal can be normalized to one, making it a valid
distribution. Consequently, Moment Matching can be applied; in fact, this will be done
for the above example in Section [3.3.4) on the so-called Greater-Than Factor.

Moreover, we aim for the best possible approximation of the marginals, which may not
necessarily result from the product of the outgoing message and the best approximation
of the incoming message, even if such an approximation is feasibkﬂ The marginals are

4This result holds more generally for any distribution within the exponential family, not just Gaussian
distributions

5While we do not have a specific source to prove this claim, it can be inferred from the derivations in
Section [3.3:4] particularly in Figures [3.7b] and [3.7a] In those figures, the best approximations of the
marginal lead to different incoming messages; this should not not occur since the best approximation
for the incoming message would have to be the same, if the product of the outgoing message and
the best approximation of the incoming message would in fact lead to the best approximation of the
marginal.
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what we really care for while the messages are more of a means to an end.

Due to the approximation involved, we can no longer simply apply a forward-backward
schedule once over the factor graph as described in Paragraph[2.4.5] Instead, we will need
to iterate through all affected marginals and messages (see Subsection . The algo-
rithm terminates when we observe convergence — that is, when changes in the approx-
imated marginals fall below a predefined minimal threshold. This form of approximate
message passing is also known as expectation propagation [40].
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3. Concept

3.1. Overview and Rationale

3.1.1. Motivation

In this chapter, we introduce two models designed to evaluate chess moves, drawing
inspiration from the way human chess masters approach decision-making. Extensive
research and anecdotal evidence suggest that top players do not analyze every possible
move like brute-force algorithms. Instead, they recognize patterns on the board through
a process known as "chunking", which allows them to use intuition and experience to
focus on a smaller set of promising moves, rather than relying solely on pure calculation
[41, [42],[43]. Richard Réti, one of the leading chess players of his time, in his book Modern
Ideas in Chess (1923), highlighted this approach, stating, "The layman thinks that the
superiority of the chess master lies in his ability to think out 3 or 4, or even 10 or 20, moves
ahead. Those chess lovers who ask me how many moves I usually calculate in advance,
when making a combination, are always astonished when I reply, quite truthfully, ’as
a rule not a single one.”" [44]. Given this, we hypothesize that there must be a way
to measure the importance of certain moves, without excessive reliance on brute-force
look-ahead calculations.

3.1.2. Modeling

Our goal is to develop a model that accurately learns the importance of each move.
Accuracy, in this context, means that when the model is tasked with predicting the move
made by an expert for a given position, it assigns the highest importance to the expert’s
move with high precision. Learning such a measure of importance is not a new concept.
In their 2006 paper, "Bayesian Pattern Ranking for Move Prediction in the Game of
Go", Stern et al. introduced a Full Ranking Model that used an importance measure for
move prediction. As they note, the model "show|ed| excellent prediction performance as
indicated by its ability to perfectly predict the moves made by professional Go players
in 34% of test positions." [45]. In the following, we will describe two general models that
adopt this ranking-based approach for the game of chess.

Urgency Model

Following the approach in Stern et al.’s work, we frame move prediction as a ranking
problem, similar to the ranking problem in Example [f] in Section where players were
ranked based on a skill measure s; derived from match outcomes y. In this case, however,
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we rank multiple moves by a measure of importance, which we term urgency u;, based on
expert players’ decisions my. Specifically, we analyze a dataset of expert games and treat
the move made, my, at each position as the "winner" of a match between all possible
moves myq, ..., My for that position. The formal description of our model is provided in
Section and illustrated in Figure 3.1 We will refer to this model as the Urgency
Model.

BoardVal Model

In the following we introduce a second, yet related model. Instead of ranking moves
in isolation, we propose ranking the resulting board positions. In other words, we shift
from assigning urgency to moves, to assigning board value to the resulting board states.
This approach, modeling moves as the board positions they produce, aligns with the
methodology proposed by Stern et al. [45].

However, this approach introduces new challenges. While the number of possible moves
in the Urgency Model is relatively small, and therefore learning an urgency for every such
move is feasible, the number of potential board positions is exponentially larger (upper
bounded by 1354 ~ 10" board positions). Storing a value for every possible board state
is therefore not feasible, and it would also not provide insights into why one board is
valued more highly than another. If we could store every possible board state, we would
effectively solve chess, making the model unnecessary.

In Stern’s et. al. work [45], this issue was addressed by approximating the value of board
positions through smaller "sub-boards". Rather than learning the value for every possible
board, they focused on a reduced set of sub-boards, significantly decreasing the storage
complexity. In Go, a move involves simply the placing of a stone at a specific vertex. The
resulting board was approximated by progressively larger sub-boards centered around
this vertex — starting from the immediate neighbors, then expanding to include two-
field neighbors, three-field neighbors, and so on, up to the entire board in extreme cases.
The set of potential sub-boards - the pattern base - was pre-extracted using a Bloom
filter, which captured only patterns that appeared a minimum number of times across
the dataset. Smaller sub-boards were more frequent because they could appear in many
locations on the board, whereas larger patterns were included only if they were common,
typically only occurring for early game positions.

Unfortunately, this approach cannot be directly applied to chess for several reasons. In
chess, a move involves relocating a piece from one square to another, rather than placing
a piece on a fixed vertex. Additionally, each vertex (square) in chess can have one of
13 possible states (occupied by 12 different pieces or empty), compared to just three in
Go. This leads to an exponential increase in the number of possible sub-patterns for a
fixed pattern size, which makes the pattern extraction process impractical. Lets say we
were to extract frequent sub-boards at the destination square: if we limit the number
of patterns to be extracted to a manageable number — say, several million — we end
up with only very small patterns, which we believe would fail to capture the long-range
interactions between pieces. For instance, a rook or queen can influence squares up to
seven spaces away, making small sub-patterns insufficient for representing complex board
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states.

Therefore, we propose a different solution: instead of approximating the resulting board
with a single, maximally-large sub-pattern, we interpret the board as a combination of
smaller, more abstract features. For a very simple feature set, we might define a feature
set based on the presence of each piece on every square, and the value of the board could
be the sum of the values for these piece-square combinations. If, for example, a white
king is on a4 and a black pawn is on b3, the board’s value would be the sum of the
values assigned to these piece-square pairs. While this is a simple model, it provides a
useful foundation. We will later demonstrate that the model is flexible in its choice of
features, and as we’ll see, the selection of features plays a crucial role in the model’s
overall performance.

The formal description of this new model is provided in Section and illustrated in
Figure . We will refer to this model as the BoardVal Model (or Board Value Model
for long).

3.2. Model Structure

3.2.1. Urgency Model

Consider a board b with a set of legal moves m, where n := |m/| represents the number
of possible moves myq, ..., m,,. We assume that the moves are ordered such that m; is the
expert’s chosen move. Each move m; is associated with an urgency of play u;, of which
the expert observes a noisy version %;. The move my is associated with the highest latent
urgency 4j. The model is formally defined by the joint probability:

n n

n
p(u, @, d):H u;) H g(uj, i) H (U, U, di,)
j=1

i=1 k=2
where
= N(“’L?Ml? ) )
g(uj, ;) N(“Jvumﬁ )
h(tay, @, dx) = 0 (dg — (a1 — ag)) - I(dg > 0).

The corresponding factor graph for the joint probability is depicted in Figure [3.1]

Note how the expert decision m; is modeled indirectly into the joint probability distri-
bution by the correct ordering of the moves. The model consists of several "node layers",
each representing different variables and their dependencies.

1. Urgency nodes: In the first layer, we have an urgency node u; for every possible
move on the board (the first row of variable nodes in Figure . We assume that
each urgency u; is normally distributed, and this prior belief is formally expressed
by the [1D-Gaussian Factor| (positioned above each node u; in Figure .
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./\/ (u]'; Hj, 0']2)

N (a3u;, 5%)

6 (dj — (a1 —ay))

H(dj > 0)

Figure 3.1.: The factor graph for the Urgency Model. The first layer represents the ur-
gencies u;, with priors modeled as Gaussian distributions. The latent urgen-
cies u; in the second layer are noisy observations of these urgencies, linked
through Gaussian Mean Factors. The third layer captures the differences
between the expert’s chosen move and other possible moves using Weighted
Sum Factors. Greater-Than Factors enforce the expert’s chosen move to
have a higher latent urgency (indicated by a positive difference).
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2. Latent urgency nodes: This first layer of urgency nodes u; is connected to a
second layer of latent urgency nodes t; (the second row of variable nodes in Figure
3.1). The key idea is that the expert’s perceived urgency is a noisy observation

of the true underlying urgency u;. This relationship is modeled by a
(positioned between each urgency u; and its corresponding latent

urgency node u; in Figure . The noise in the model accounts for various factors,
such as the expert occasionally choosing a suboptimal move or multiple moves
being nearly equivalent in quality, leading the expert to select one at "random".
The model incorporates some flexibility in the ranking by urgency, with 5 as a
hyperparameter controlling the level of this noise.

3. Difference nodes: The second layer of latent urgency nodes ; is then connected
to a third layer of difference nodes d; (the third and final row of variable nodes
Figure . Each difference node d; captures the difference between the latent
urgency of the expert’s chosen move, @1, and that of another move u;. This rela-
tionship is formally expressed using a [Weighted Sum Factor| which generalizes
the difference operation. Each difference node is also connected to a
which enforces the constraint that the difference must be positive,
reflecting the observation that the expert’s chosen move must have had a higher
perceived urgency than the alternative moves.

3.2.2. BoardVal Model

Consider a board b with a set of legal moves m, where n := |m/| represents the number
of possible moves my,...,m,. We assume that the moves are ordered such that m; is
the expert’s chosen move. Each move m; leads to a resulting board state b;, which is
represented by a set of features F(b;), with [ := |F(b;)| denoting the number of features
fj1s--s fjy on board b;. Let f represent the set of all unique features across all boards
bi,...;bn (b), and let t := | f| denote the total number of distinct features. Note that a
feature f;, ; from one board b;, may refer to the same feature f;,  from another board
bi,. Each feature f; has an associated value vy,, which may be part of a board value vy,
of which the expert observes a noisy version 0p,. The expert’s move m; is associated with
the highest latent board value vp,. The model is formally defined by the joint probability:

t n |F(bs)] n n
P(g, vb, B, d) = [ [ flvg,) - T ]6 [ ve — i |- T 9 0,) - | ] 2oy, B, dim)
j=1 i=1 k=1 =1 m=2
where
fg) =N (vg08,:0%,)
N

g(y,, By,) = N (w50, 8%)
h(f)bl,f)bm, dm) =0 (dm — (f)bl — i}bm)) ]I(dm > 0) .
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Again, note how the expert decision m; is modeled indirectly into the joint probabil-
ity distribution by the correct ordering of the moves (and in turn the boards). The
corresponding factor graph for the joint probability is depicted in Figure [3:2]

The model consists of several "node layers", similar to the Urgency Model. Details not
explicitly covered here can be referenced from Section on the Urgency Model.

1. Feature Value Nodes: In the first layer, we introduce a feature value node vy; for
each unique feature in the set f. As with the urgency nodes in the Urgency Model,
each feature value node is assumed to follow a Normal distribution, with the prior
belief formally expressed by the [LD-Gaussian Factor] These prior initialization
factors are shown above each node vy, , in Figure E|

2. Board Value Nodes: The first layer of feature value nodes vg; connects to a
second layer of board value nodes vp,. Each feature value node vy, is linked to a
board value node vy, through a Weighted Sum Factor| (a generalization of the
pure sum factor) if and only if f; € F(b;). The idea behind these board value nodes
is that they represent the sum of the underlying feature values on the board.

3. Latent Board Value Nodes: The second layer of board value nodes vj; is con-
nected to a layer of latent board value nodes Up;. Similar to the [Urgency Modell
the expert’s perceived value of the board is treated as a noisy observation of the
true underlying value. This relationship is again modeled using a|Gaussian Mean|

[Factor]

4. Difference Nodes: The structure and connections of the difference nodes fol-
low the same approach to that described in the Urgency Model. Here, we use a
[Weighted Sum Factor| to compute the differences between the board value of
the chosen move and the other board values. To reflect the expert’s preference, we
enforce that these differences are greater than zero using a|Greater-Than Factor]|

3.2.3. Inference on Models

Using the sum-product algorithm (see Section , we can compute the marginals for
each u; (or vy, in BoardVal Model), i.e the posterior probability distributions of the
urgencies u; (or feature values vy,) after incorporating the expert decision my. Efficient
inference is achieved through approximate message passing. Specifically, we apply several
noteworthy approximations in this model:

e The approximation introduced by the Greater-Than factor is significant. Although
the moments are matched (see Theorem |3, the overall shape of the resulting dis-
tribution differs substantially (see Section 3.3.4|7 specifically Figure .

1We use a "plate" notation in Figure to iterate over all features of a board. Strictly speaking, the
factor graph may appear misleading, but it should be understood that the same feature f;, whether
referenced from one board b;, as f;, , or from another board b;, as fi,, is actually a single feature
connected to a single prior factor, not multiple ones.
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for k in features for k in features for k in features
of board 1 of board i of board n
. 2
n n n N (g, 15,0093, )
. . . 5(Ubj _Zkvfj‘k)
- . ~ . 2
[ | [ | [ | N (@n;5 00, 5%)

8 (dj — (Tpy — D))

] ] I(d; > 0)

Figure 3.2.: The factor graph for the BoardVal Model. The first layer represents the
feature values vy;, with priors modeled as Gaussian distributions. Each
board value v, is computed as the sum of feature values on the corresponding
board via Weighted Sum Factors. The latent board values vy, in the next
layer are noisy observations of these board values, linked through Gaussian
Mean Factors. The layer of difference nodes enforces that the board resulting
from the expert’s chosen move has a higher value than the others, using
Weighted Sum and Greater-Than Factors.
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e We assume that the prior p(u) over urgencies fully factorizes into n independent
Normal distributions p(u;) (and similarly that the prior over feature values fully
factorizes). This assumes independence, which may (or does) not hold in practice.
While this assumption has drawbacks — particularly the loss of potential covariance
between urgencies (or feature values) — it offers computational efficiency. Modeling
the full covariance matrix with a multivariate Gaussian over a prior vector u (or
f) would not scale well, given that the number of urgencies or features could reach
tens of thousands or even several million.

e Additionally, we will use the marginals p(u;) conditioned on observed data (or
written p(u; | m1)), as the prior p(u) for the next match (similarly for feature
values). This introduces two assumptions: first, that the posterior continues to
factorize similarly to the prior, meaning it can be expressed as independent terms,
ie. p(u | my) =p(uy | m1) - p(ug | my) -+ p(u, | my). Second, we would ideally
construct a large graph that incorporates all expert decisions across all positions in
the dataset, not just for one game. However, this would result in a graph too large
to store in memory. To address this, we adopt an "iterative" learning strategy,
using the posterior after each game as the new prior. This approximate message
passing method, known as assumed-density filtering [46], introduces an unintended
dependence on the order in which decisions are processed, meaning the ranking
outcome can vary depending on the sequence of training data.

The inference process follows a general schedule for both the Urgency Model and Board-
Val Model, involving iterative updates, specifically using ezpectation propagation, as dis-
cussed in the paragraph on approximate message passing in Section [2.4.5

Schedule

1. Pass messages "downwards" from the prior factors (1D-Gaussian Factors) and in-
termediary factors, up to and including the Gaussian Mean Factors, to update the
latent variable nodes (@; in the urgency model or @, in the board value model).

2. For every j€2,...,n:

a) Pass a message down to the difference node d; via the Weighted Sum Factor.

b) "Apply" the Greater-Than factor, and approximate the marginal at d; with
a Gaussian distribution. Compute the approximate message by dividing the
marginals.

c) Send messages back from the difference node d; to the involved latent nodes

@ and i (or ¥, and ¥y, in the board value model).

3. Repeat this iterative process until convergence, i.e., when the difference between
consecutive approximated marginals of the difference variables d; falls below a
threshold A.
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4. Finally, pass messages upwards from the latent variable nodes via all intermediary
factors to update the urgencies u; (Urgency Model) or feature value vy, (BoardVal
Model).

3.3. Factors

In this section, we provide a detailed overview of the factors involved in the models
and present the factor-specific message update rules. We focus on deriving the update
equations for all incoming messages (from factors to variables), as we can obtain the
marginals by multiplication of incoming messages (and outgoing messages can be ob-
tained by division, as detailed in the paragraph on storage efficiency in Section .
The message and marginal updates always follow the same sequence of steps, as outlined
below:

1. Consider a factor f connected to random variables Xi,...,X,. Assume we have
marginal distributions p(z;) and incoming messages m¢_, x, (which, in the case of
a freshly initialized state, are uniform (Gaussian) distributions; see paragraph on
scheduling in Section for reference).

2. Compute the (missing) outgoing messages mx,_, s by dividing the marginals by the

p(w)

incoming messages: ———+—,
g g my_x, (%)

3. Consider the case where we want to update the marginal and messages involved
with z;. Use the outgoing messages my,_. s (in the general case ¢ # j) to calculate
the new (or updated) incoming message m_,y,, as described in Equation (2.33).

4. Update the marginal p(x;) by multiplying the new incoming message my_, x; with
the outgoing message my; ., as described in Equation (2.36)

5. Replace the old marginal and incoming message with the updated values. The
outgoing messages are temporary results and can be discarded afterward.

3.3.1. 1D-Gaussian Factor

@8‘ N ($; m, 52)

N(’I,,EX,E%()

Figure 3.3.: The 1D-Gaussian Factor acts as an "evidence" or "initialization" factor that
sends a N (ZE; m, 82) to the associated normally distributed variable X.

If we want to initialize a normally distributed random variable X with fixed mean m € R
and variance s?> € R or have observed m for an unknown normally distributed variable
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X with fixed variance s2

(see also Figure

, we use the 1D-Gaussian Factor that is formally specified by

f(@) = N (z;m, 32) . (3.1)

Message my_x Since there are no incoming messages from other variables to the
factor, (2.33)) results in

mi_x(z) = f(z) = N (z;m,s%) . (3.2)

Note that this message is also well defined for a Dirac delta or a Gaussian uniform
message; in the latter case, one would choose the natural parameters Ty and py for the
factor definition.

3.3.2. Gaussian Mean Factor

N (z;]ix,0%) N (z; Ay, 6%)
S
N (y; =, 82)

Figure 3.4.: The Gaussian Mean Factor acts as a copy factor with additional variance
N (y; T, 52) with both X and the Y being normally distributed.

If we want to model a normally distributed random variable Y with a mean X that is
also normally distributed with fixed variance 82 € R, we use the Gaussian Mean Factor
that is formally specified by (see also Figure

flz,y) =N (y;2,8°) . (3.3)

Message m_,y Using the definition (2.33)), we know that

+00

mf—>Y(y) = f(x,y) : mX—»f(x) dz

—00

+0o0
:f N (39, 8%) - N (w3 fix, %) da

—00

= N (y: fix, 0% +6%) (3.4)

where we used N’ (y; x, ﬂ2) =N (m; Y, 62) in the second line and Theorem [1{in the final
line (noticing that the integral over G (;U; B2y + 5)_(2 x, B2+ 3)_(2) integrates to one
over x). Note that the factor becomes a pure copy factor for 32 — 0.
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Message my_x Noticing that N(y;x,BQ) = N(az;y,ﬁﬂ) we see that the message
equation for my_, x(-) is symmetric to (3.4)) and given by

myi_x(z) =N (z; iy, 6% + 7). (3.5)

Practical Considerations Both message equations and are well defined for
non-uniform messages N (z; fix,0%) and N (y; fiy, 0% ) but deteriorate for uniform in-
coming messages to the factor f. However, rewriting the message equation in terms of
natural parameters solves this because

fix 1 Tx Px
— = )< )~ = ; A 0 3.6
mf—y(y) g<y 0§(+ﬁ2 a§(+ﬁ2> g<y 1+32 px 1+52‘PX> (36)
Ly 1 Ty Py
N = M~ y =< - ) ~ ~ ’ 37
M (2) g<x 52 1 B2 o%,+52> g(x L+ 32 py 1+52'PY> D

where we used ([2.15)) and ([2.16]) repeatedly. Note that for the case of a Gaussian uniform
incoming message, the outgoing message is also a Gaussian uniform.

3.3.3. Weighted Sum Factor

N (z1; i1, 63) N (@5 fin, 02)

Sy - Y i)

Figure 3.5.: The Weighted Sum Factor which acts as a pure weighted addition factor
§(y — Xt a; - x;) with all the z;’s and the y being normally distributed.

One common factor to use for linear function models is the Weighted Sum Factor which
maps the output y to the weighted sum " | a;-x; of n inputs 1, ..., z, with the a; + 0
as fixed weights. Formally, this factor is specified by (see also Figure [3.5))

f(xl,xg,...,a:n,y):5<y—2ai-xi> . (3.8)
i=1
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Message ms_,y In [33] it is shown that this message is given by:

n n
myoy(y) =N (y; D ai- i, Y ai - 83) : (3.9)
i=1 =1

Intuitively, the message from the factor to the sum Y is a Gaussian with mean equal to the
sum of the weighted means of the incoming messages from all summands and variance
equals to the the sum of the variances of the incoming messages from all summands
weighted by the square of the a;’s.

Message m;_,x;, In [33] it is shown that this message is given by:

myox; (1) =N (xj; 1. (ﬁy - Z a; - ﬂl> , % : <3Y + Z a? - 8?)) . (3.10)
“ itj i it
Similarly to my_y(-), the message from the factor to each summand X is a Gaussian
with mean equal to the difference of the weighted means of the incoming messages from
all other summands and the mean of the sum (and the variance equals to the the sum of
the variances of the incoming messages from all other summands and the sum weighted
by the square of the a;’s).

Practical Considerations A single message computation to any of the n summands
Xi,..., X, takes O(n) computations for the summation of /i; and 52. Thus, using
for all the n messages my_x,(-) takes O (n®). However, any two updates for ms_x;,(-)
and my_, x;(+) have n — 2 terms in common. Thus, if we precompute in O(n)

n
Czﬁy—zai-ﬁi (3.11)
=1

% 70

d=6% + ) al 57 (3.12)

1 ~ 1 ~
myox,(z5) =N (mj;w-c+uj,(12~d—aj2-> , (3.13)
j

we have achieved a simultaneous update to all n summands with an O(n) message update
algorithm.
3.3.4. Greater-Than Factor

When we observe a random variable X to be greater than zero, or we want to enforce a
constraint such that its distribution has non-zero probability only for positive values, we
use the Greater-Than Factor that is formally specified by (see also Figure |3.6))

f(z) =1(z > 0) (3.14)
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o=="TN!

Figure 3.6.: lustration of the Greater-Than Factor, which imposes a constraint that the
random variable X must be greater than 0. This factor is used to incorporate
evidence or constraints into the model by restricting the distribution to non-
negative values only.

True Message my_,x Since there are no incoming messages from other variables to the

factor, (2.33)) results in
mf_,X = ]I(x > O) (3.15)

As we can see, the message my_,x is a non-Gaussian distribution. Thus, we need to
consider the approximation of the posterior p(x) using Moment Matching (see Theorem

).
True Posterior p(z) Using definition (2.32), we know that

p(z) =I(z > 0) - N (2;/ix, 0% ) - (3.16)

Approximate Posterior p(z) In [33] it is shown that p(z) is given by:

ﬁ(m)zN(z;ﬂx+3X'v<€U{>,3§(~<1—w<'§x>>> , (3.17)
ox 0x

where
v(t) = J;/((f), (3.18)
w(t) :=v(t) - (v(t) +1). (3.19)

Approximate Message s, x Using (2.37) we can now approximate the incoming
message mys_,x by

(3.20)

The approximation of the posterior works well when the prior belief about the random
variable X (outgoing message) suggests that X is positive (see Figure [3.7b). However,
when the initial belief indicates that X is likely negative, the approximation of the
posterior p(z) becomes quite poor (see Figure . Despite this, in comparison to the
approximate incoming message, the approximate posterior is still reasonably accurate,
while the incoming message’s distribution deviates significantly from its true shape.
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(a) Approximation of the posterior distribution p(x) and incoming message
my_x (x) when the prior belief suggests that X is negative (mx_s(z) =
N (z;—-2.0,1.0)). The Gaussian approximation p(z) deviates significantly
from the true shape of the distribution p(zx).

1.00 |
_mX—yf(x)
—my, x(x
0.75 ----mfﬁx(x
—p(z)

—

S i
= 0.50

0.251

0.00 & .

(b) Approximation of the posterior distribution p(z) and incoming message
my_,x(x) when the prior belief indicates that X is positive (mx_f(x) =
N (x;1.7,1.0)). The approximation p(z) is considerably more accurate in
this case.

Figure 3.7.: Approximate distributions in Greater-Than Factor
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4. Implementation

4.1. High-Level Overview

src/
— core/
— engine/
— parsing/
L clean.jl
L— filter_elo.jl
— pattern-learning/
L— analysis/

L— <model analysis tools>
— gaussian.jl
— factors.jl
— ranking.jl
— train.jl
— test.jl

— <more scripts>

Figure 4.1.: The chess engine code is divided into the core and engine directories. The
core folder contains the main chess-specific library code, including move
generation and other functionality relevant to model training. The engine
folder extends this with search algorithms and an UCI interface for engine
communication, though this part is not directly relevant for this thesis. The
parsing folder handles the processing of training data. The most significant
folder for this thesis is pattern-learning, which contains all the files related
to the implementation of the model discussed in Chapter

The codebase is publicly available in the GitHub repository Poppy.jl, which can be
accessed hereﬂ The relevant code for this Bachelor thesis is currently located on the
branch bachelor-thesis.

"https://github.com/aherbrich/Poppy.jl
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The code is organized across several folders: core, engine, parsing, and pattern-
learning. Of these, the pattern-learning folder is the most important for this thesis,
as it contains all files related to the implementation of the factor graph model. A more
detailed description of the project structure can be found in the caption of Figure All
code is written in Julia. This decision was made because Julia provides a scripting-like
interface, which allows for rapid development and refinement of code. Additionally, Julia
offers impressive speed (often comparable to this of a compiled low-level language like
C), despite its garbage collection, and has robust libraries such as Plots. j1 for plotting
and data analysis tools.

The file train. j1 serves as the best entry point into the code (see Listings and
for a modified but conceptually identical file overview; concentrating on the BoardVal
Model). Through this, we can gain an understanding of the most relevant code and
interfaces used:

Listing 4.1: Julia code for training the BoardVal Model on dataset of chess games

function train_model(training_file; with_prediction=false, <other
— args>)
feature_values = Dict{UInt64, Gaussian}()

metadata = TrainingMetadata(training_file)

games = open(training_file, )
while !eof (games)
game_str = strip(readline (games))

train_on_game(game_str, feature_values, metadata,
< with_prediction=with_prediction)

end

end

Listing 4.2: Extension of Listing Julia code for training the BoardVal Model on a
single game

function train_on_game (game_str, feature_values, metadata;
< with_prediction=false)

board = Board ()

set_by_fen! (board,

— )
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move_strings = split(game_str)
for (i, move_str) in enumerate(move_strings)
_, legals = generate_legals(board)
move = extract_move_by_san(board, move_str)
best_move_idx = findfirst(mv -> mv.src == move.src && mv.
< dst == move.dst && mv.type == move.type, legals)
legals[1], legals[best_move_idx] = legals[best_move_idx],
— legals[1]
if with_prediction
prediction = predict_on(feature_values, board, legals)
push! (metadata.predictions, prediction)
end
features_of_all_boards = extract_features_from_all_boards/(
— board, legals)
ranking_update!(feature_values, features_of_all_boards)
do_move!(board, move)
end
end

The central object is the feature_values object. It is defined as a dictionary of type
Dict{UInt64, Gaussian} in line 3 of Listing and holds the most critical part of
our model: the Gaussians for our feature values, which are accessible through a unique
feature ID represented by a 64-bit unsigned integer.

This object is passed to two functions: the predict_on function in line 17 of Listing [4.2
and the ranking_update! function in line 25 of the same listing.

e Model Learning: The ranking update! function handles all components in-
volved in building the factor graph and inference using the sum-product algorithm.
As an additional argument it gets the list of IDs features_of_all_boards, which
itself is calculated in the line above in the function extract_features_from_all_
boards to strictly isolate the model learning from the actual features being used.
More information on model learning is found in Section [£.4]

e Model testing: The predict_on function, initially used during training and later
in a dedicated testing function, encapsulates the prediction component and, to-
gether with the metadata object on line 6 of Listing [£.1] plays a key role in testing
the model. Further details on model testing are provided in the Section [4.5]

e Data Collection: As indicated in lines 9 and 10 of Listing [f.1] and lines 7 and 8
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of Listing [£.2] the algorithm iterates over the file of games, processing each move
in a game. Details about the file format, including how these games were selected
and processed, are covered in Section [4.3]

e Chess Engine: The board object and the functions set_by_fen!, generate_
legals, and do_move! (located on lines 3, 4, 10, and 26 of Listing provide
chess-specific functionality. Further details on chess-specific code, particularly the
custom-built chess engine Poppy are described in the Section (4.2}

4.2. Chess-Specific Functionality

The core of the model is a custom-built chess engine named Poppy, designed for simplicity
and effective performance. Considerable effort was invested in optimizing move genera-
tion speed, as it is crucial for efficient training; slow move generation can significantly
hinder the model’s performance during game simulations. The final move generator in
Poppy is only a factor three slower than leading chess engines like Stockﬁsfﬂ. Addi-
tionally, extensive debugging and validation were performed to ensure that the move
generation is accurate and produces all and only legal moves, using a testing suite known
as perftﬂ to compare results against precomputed benchmarkﬂ

While an in-depth exploration of the optimization techniques used is beyond the scope
of this thesis, in the following are the key design decisions made:

Board Representation

Two primary approaches are typically used for representing a chessboard: square-centric
and piece-centric. In the square-centric approach, an array is used to store the piece
located on each square. In contrast, the piece-centric approach uses a bitboard for each
piece, which utilizes 64-bit registers to represent board positions. Each bit in the bitboard
(64-bit number) corresponds to a square on the board, with the bit set to 1 if the square
is occupied by a specific piece and 0 otherwise. This piece-centric bitboard method is
typically faster than the square-centric because it leverages efficient bitwise operations.
For example, moving a piece from a3 to b3 involves shifting the bitboard (64-bit number)
8 bits to the left.

Listing 4.3: Julia struct for a chessboard

mutable struct Board

const bb_for::Vector{UInt64}

20n the testing system (Apple M1), Poppy processes approximately 90 million positions per second,
while Stockfish averages about 220 million positions.

3https://www.chessprogramming.org/Perft_Results

4The exact test and validation file, in specific the file src/test/data/perft_big.txt, was adapted
from the test file used in the Blunder| chess engine [47], which is available under the MIT license.

48 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024


https://www.chessprogramming.org/Perft_Results
https://github.com/deanmchris/blunder

© 0w N O

10
11
12
13
14
15
16
17
18
19
20
21
22

Alexander Herbrich Learning Explainable Move Prediction for Chess

bb_white::UInt64
bb_black::UInt64
bb_occ::UInt64

const squares::Vector{UInt8}

history::Vector{IrreversibleInfol}
end

mutable struct IrreversiblelInfo
hash::UInt64

end

As can be seen in Listing [£3] in Poppy, we use a hybrid approach. We maintain
a bb_for: :Vector{UInt64} array that holds bitboards for each of the 12 piece types
(with the piece type represented by a number which acts as an index into the array).
Additionally, we keep redundant bitboards for all white pieces, black pieces, and occupied
squares, along with an array squares: :Vector{UInt8} that holds the pieces of the board
(square-centric). This redundancy, while potentially slowing down move generation due
to multiple board updates, facilitates flexible access and analysis of the board from various
perspectives.

Additionally, we use a hash::UInt64 field to store a nearly unique identifier for each
board position. This identifier is computed using Zobrist Hashing, a technique known for
its efficiency and low collision rate in hashing board structures [48]. This hash facilitates
various data analysis tasks, such as determining the number of unique board positions
in the dataset.

Move Generator Design

Another key decision is whether to implement a legal or pseudo-legal move generator.
A pseudo-legal generator computes all possible moves without initially checking their
legality, filtering out illegal moves laterﬂ This approach can be faster, especially if
search algorithms are optimized, as it avoids the overhead of legality checks for moves
which are never searched. However, Poppy uses a legal move generator, which directly
produces only legal moveeﬁ. This design choice simplifies the code by ensuring that move

® A move is considered illegal if it leaves the king in check, even if it follows the rules of how the pieces
move.

5The logic with which only legal moves are produced, was inspired by the move generator Surge| [49],
which somewhat closely follows the approach described in Peter Ellis Jones’ blog post "Generating
Legal Chess Moves Efficiently" [50], though Poppy’s final implementation still differs quite substan-
tially.

Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024 49



https://github.com/nkarve/surge

Learning Explainable Move Prediction for Chess Alexander Herbrich

legality is handled within the move generation process, enhancing the readability and
maintainability of the code for model training.

Regarding the interface provided by Poppy, it is designed to expose minimal underlying
complexity. The primary functionalities include setting a board using a FEN string
(Forsyth-Edwards Notation), extracting the FEN of a board, and performing and undoing
moves. Moreover, the board and move object grant access to specific fields like the
bitboards or source and destination squares of a move, if necessary while model training,
testing or analysis. These functions, objects and so forth are implemented in the core/
folder.

While Poppy has the potential to play chess, including extending functionalities, this
is not the focus of this thesis. The relevant code for such features can be found in the
engine/ folder, which contains functionalities related to chess engine search and chess
engine communication. For this thesis, these aspects are not utilized and are considered
archived.

4.3. Data Collection and Parsing

The data used to train the model was collected from one of the most popular online
chess platforms, Lichess.org. Lichess provides monthly game archives for download hereﬂ
These games are available in the .pgn (Portable Game Notation) format, an example of
which is shown in Figure

[Site "https://lichess.org/Sj83ND8N"]
[BlackElo "2458"]

[WhiteElo "2517"]

[Result "0-1"]

1. g3 d5 2. Bg2 Nf6 3. Nf3 c5 4. 0-0 Nc6 ...

Figure 4.2.: Excerpt of a .pgn file for a chess game

Since the .pgn format is not ideal for clean and efficient processing of moves and games
during model training, the files were preprocessed. Specifically, the script filter_elo. jl
filters games based on a player’s Elo rating, allowing for the creation of datasets based
on different skill levels. Another script, clean.jl, cleans the .pgn files by removing
unnecessary metadata, line breaks, spaces, and move numbers between moves.

This preprocessing step is crucial because the raw .pgn files are massive, often tens or
even hundreds of gigabytes in size. Filtering by Elo and cleaning the files reduces their
size to a few megabytes, making them much easier to handle. The smaller, cleaned
datasets fit into memory, preventing memory swapping that would otherwise slow down

"https://database.lichess.org/
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the training process. After preprocessing, each line in the training file represents a single
game, with moves separated by a single space.

4.4. Inference - From Theory to Implementation

As outlined in Chapter [2 and [B] our model learning involves three key components: (1)
variables and messages, (2) factors, and (3) the actual sum-product algorithm.

Gaussians

All variables and messages in the model are exclusively Gaussian-distributed. The defi-
nition of a Gaussian object in our code is straightforward:

Listing 4.4: Julia struct for a Gaussian

mutable struct Gaussian
tau::Float64
rho::Float64

Gaussian(tau, rho) = (rho < 0.0 || isnan(rho) || isnan(tau) ||
— isinf(tau)) ? error( )
<~ new(tau, rho)
end

As one can see in Listing [£:4] the natural parameterization of the Gaussian is used, as
detailed in Equation . This choice simplifies multiplication and division, which are
performed through the addition and subtraction of parameters (see Theorem |1 and .
Additionally, in the sum-product algorithm, messages and some marginals need to be
initialized as uniform distributions, which means infinite variance. This is more conve-
niently represented as rho=0 than setting the variance to Inf. When needed, the mean
and variance can be extracted via helper functions that handle this conversion. Multi-
plication and division are implemented through function overloading of base operators,
a feature that is natively supported in Julia.

In general, all Gaussian-related code is found in gaussian. j1, with extensive error han-
dling built into all operations like multiplication and division. Although this adds a
slight performance overhead, it ensures robustness, especially given the numerical insta-
bilities and edge cases encountered during the sum-product algorithm. Without these
safeguards, invalid Gaussians (e.g., those with NaN or Inf parameters) could be generated
unnoticed, leading to critical errors. Thus, the error handling is essential for the model’s
stability.

Additionally, as shown in Listing [£.4] the Gaussian struct is defined as mutable. Al-
though this is less performant —since it allocates heap memory rather than stack memory
— it allows Gaussians to be stored directly within Factor-objects, as demonstrated in
Listing [4.5 This enables in-place updates of the Gaussians (i.e. modifying the same
object) when applying factor-specific update rules. As a result, any changes to the Gaus-
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sians (through the Factor-objects) are automatically reflected in the feature_values
dictionary (our model).
Factors

The implementation of factors is found in factors.j1l. The structure of a factor object
in our code is as follows:

Listing 4.5: Julia struct for a Factor (Example: Gaussian Mean Factor)

struct GaussianMeanFactor <: Factor
x::Gaussian
y::Gaussian
msg_to_x::Gaussian
msg_to_y::Gaussian
beta_squared::Float64

end

In Listing we see the example of a|Gaussian Mean Factorl The factor object stores
the marginals of the variables it is connected to and the messages from factor to variables.
Each factor has corresponding update_msg_to_variable! functions (as shown in Listing
and that update the message and marginal for that specific variable. In Listing
we demonstrate the message update process for variable x in the Gaussian Mean
Factor:

Listing 4.6: Julia function for updating marginal and messages involved with variable x
in a Gaussian Mean Factor

function update_msg_to_x!(f::GaussianMeanFactor)
msg_from_x f.x / f.msg_to_x
msg_from_y f.y / f.msg_to_y

I

if (isdirac(msg_from_y))
update!(f.msg_to_x, GaussianByMeanVariance (mean(msg_from_y
<~ ), beta_squared))
elseif (isuniform(msg_from_y))
update! (f.msg_to_x, GaussianUniform())
else
c=1.0/ (1.0 + f.beta_squared * msg_from_y.rho)
update! (f.msg_to_x, GaussianByMeanPrecision(c * msg_from_y
< .tau, c¢c * msg_from_y.rho))
end

new_marginal_of_x = msg_from_x * f.msg_to_x
diff = absdiff(f.x, new_marginal_of_x)
update! (f.x, new_marginal_of_x)

return diff
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As shown, the (missing) outgoing messages are computed first. The incoming message to
x is then updated using the factor-specific message update rule (Equation ) Special
cases, such as uniform Gaussians or Dirac delta functions, are handled as needed. After
updating the message, the marginal is updated accordingly. In lines 17 and 20, we
compute the absdiff between the old and new marginal, which measures how similar
they are. This difference is tracked for every update (and all factors), allowing us to
monitor convergence, especially when a factor is involved in an approximate message-
passing update scheme, as discussed in the paragraph on scheduling in Section

Ranking Model Update via Sum-Product Algorithm

The Listing [4.7] shows the core function for model learning - the function ranking_
update!. In this case, consistent with Listing |4.1| and it implements the model
update for the BoardVal Model. The function first constructs the factor graph for a
specific game. The relevant board features are provided by a list of IDs in features_
of _all_boards, which act as keys to the underlying Gaussians stored in the feature_
values dictionary. Once the factor graph is built (line 2-10), the sum-product algorithm
is applied using the scheduling outlined in Section [3:2:3]

Listing 4.7: Julia code for execution of factor graph creation and sum-product algorithm

function ranking_update!(feature_values, features_of_all_boards)

sum_factors = Vector{SumFactor}()
gaussian_mean_factors = Vector{GaussianMeanFactor}()
difference_factors = Vector{DifferenceFactorl}()
greather_than_factors = Vector{GreaterThanFactorl}()

for (i, factor) in enumerate (sum_factors)
update_msg_to_sum! (factor)
end

for (i, factor) in enumerate(gaussian_mean_factors)
update_msg_to_x!(factor)
end

loop_eps le-3
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eps = 10 * loop_eps
while eps > loop_eps

eps = 0.0
for (i, factor) in enumerate(difference_factors)
eps = max(eps, update_msg_to_z!(factor))
eps = max(eps, update_msg_to_x!(greather_than_factors|[
— il))
eps = max(eps, update_msg_to_x!(factor))
end

end

for (i, factor) in enumerate(difference_factors)
update_msg_to_y!(factor)
end

for (i, factor) in enumerate (gaussian_mean_factors)
update_msg_to_y!(factor)
end

for (i, factor) in enumerate(sum_factors)
update_msg_to_summands! (factor)

end
end

4.5. Model Testing

Testing occurs in two main stages. First, we optionally test during training if with_
prediction is set to true, as seen in lines 16-19 of Listing In this case, before
incorporating each move into the model, a prediction is made using the model’s current
state. This allows for unbiased testing by ensuring that the model is not evaluated on
the same data it is trained on — a crucial aspect of model evaluation [51]. Predicting at
every move lets us assess accuracy throughout the training process, helping to identify
trends in under-performing models early, without needing to train on the entire dataset.
For instance, in the BoardVal model, where a specific feature set must be defined for
use in extract_features_from_all_boards, this prediction while training helps flag
poor feature sets early. Similarly, in the Urgency Model, where moves can generally be
represented in different ways, early testing can highlight ineffective move representations
without requiring full dataset training. The final feature sets and move representations
used and further analysed are listed in Chapter [5| - the Results.

Secondly, we use a dedicated testing function in test. j1, as shown in Listing [4.8] The
testing employs a simple holdout method, splitting the dataset into training and test
sets. Though k-fold cross-validation is another common testing method [51], we opted
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against it here because of the large dataset (millions of moves/ranking decisions). Cross-
validation is more beneficial when datasets are smaller or have high variance, helping to
average out inconsistencies. We initially tested with cross-validation and found it unnec-
essary due to the dataset’s size, as the overhead of running multiple tests outweighed the
near identical test error as in a simple holdout method.

The model is trained on a subset of games and then saved to a binary file. This file is
passed to the testing function via the filename_model argument, and the games included
in training, which are to be excluded while testing, are specified with exclude_games

(see Listing [4.8)).

Listing 4.8: Julia code for testing the BoardVal Model on a dataset of chess games

function test_model(filename_model, test_file; exclude_games=[])
feature_values = load_model (filename_model)
metadata = TestMetadata(test_file, exclude_games)
open(test_file, ) do games
for (idx, game_str) in enumerate(eachline (games))
if idx in exclude_games continue end
test_on_game (game_str, feature_values, feature_set,
— metadata)
end
end
return metadata
end

In the test_on_game function in line 12 in Listing [4.8] the prediction is performed simi-
larly to how it is done during training (see Listing using the predict_on function.
The accuracy, as calculated by the predict_on function within the model, is determined
as follows (using the BoardVal Model as an example): We assume that the expert selects
the move leading to a board where the sum of all feature values is the highest. These
feature values are stored in the feature_values dictionary of Gaussians, allowing us to
compute the corresponding normally distributed board values. The challenge, then, is
how to identify the "winning" move, given that we are dealing with distributions rather
than single values. For simplicity and efficiency, we use only the means of the Gaussians,
determining that the board with the highest mean value is the predicted choice of the
expert. The ranking is strict — our prediction is considered correct only if the chosen
move has a strictly greater mean value than all other moves.

A prediction is represented in the code by an object, as shown in Listing

Listing 4.9: Julia struct for a prediction

struct Prediction
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predicted_values::Vector{Float64}
predicted_rank::Int
ply_number::Int
nr_of_possible_moves::Int
move_type::UInt8

end

As can be seen in Listing [£.9] the prediction object stores more than just a binary
indicator of correctness. It also includes additional information, such as the board (or
move urgency) values involved, the specific half-move (ply) in which the move occurred,
and the move type (e.g., pawn move, castling). This extra data facilitates more detailed
analysis later on.

All relevant data, such as predictions, are stored in structures called TrainingMetadata
or TestMetadata, defined in the metadata. j1 file (see Listing [4.10)).

Listing 4.10: Julia struct for metadata

mutable struct TrainingMetadata
processed::Int
nr_of_games::Int
const predictions::Vector{Prediction}
const model_files::Vector{AbstractString}
global_start_time::Float64

end

mutable struct TestMetadata
processed::Int
nr_of_games::Int
const predictions::Vector{Prediction}
global_start_time::Float64

end

Both the prediction and metadata structures are designed to be flexible, allowing easy
expansion to include additional fields for further model analysis.

In general, all code related to prediction, accuracy assessment, and various analysis tools,
including functions for plotting data, can be found in the pattern-learning/analysis
sub-folder.
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5. Results

In the following, we present the results for both the|[Urgency Modell and [BoardVal Model|
with the goal of predicting moves. The training and testing of the models were conducted
locally on a system with an Apple M1 processor and 16GB of RAM. We used Julia Version
1.10, running in single-threaded mode.

Testing Method: We employed a simple holdout method for testing. Starting with
an initial dataset of 16,232,215 games, we filtered the dataset to include only games
where both players had an Elo rating of 2300 or higher. This resulted in 69,599 games
(approximately 0.43% of the original dataset). These were further split into a training set
of 59,599 games and a test set of 10,000 games, yielding around 5,000,000 moves in the
training set and 840,000 moves in the test set. As explained in Section [4.5 predictions
were made using the p value (mean) from the Normal distribution of urgencies (or board
values), selecting the move corresponding to the highest p value.

Hyperparameters: The following hyperparameters were used for training:

Urgency Model: The prior distribution over urgencies was set as a standard
Normal A (+;0,1), with 8 = 1 for the noise introduced in the (latent)
[Mean Factorl

BoardVal Model: For the prior over board features, we used N (-; 0, %), where ¢
corresponds to the number of features on the board where a feature was first en-
countered. This choice ensures that the prior for the board value (as the sum of its
features, derived in Section|Weighted Sum Factor]) follows a A (+;0,1) distribution.
Note that this is an approximation, as a feature can appear on multiple boards,
all with a different numbers of features. A [-value of 2 was selected, adding a
significant amount of noise — lower values unfortunately caused critical NaN er-
rors during training (further discussion on this issue is provided in Chapter @ the
Discussion).

Feature Sets and Move Representations: Below, we introduce the abbreviations for
the models, feature sets, and move representations used in the plots and discussions.

Urgency Model: A move can be represented in different ways. Specifically, we use
three representations: Piece-Type (PT), Move-Type (MT), and Piece- Type-Move-
Type (Hybrid), all of which encode the source and destination squares along with
additional information as described below.
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— Piece-Type (PT): A move is represented by the combination src x dst x
piece-type, where the piece-type specifies which piece (pawn, knight, bishop,
rook, queen, king) of which color (white or black) is being moved.

— Move-Type (MT): A move is represented by src x dst x move-type. The
move-type can be one of the following: quiet (no special characteristics), dou-
ble pawn push, king castle, queen castle, capture, en passant, promotion (to
knight, bishop, rook, or queen), or promotion capture (to knight, bishop, rook,
or queen).

— Piece-Type-Move-Type (Hybrid): A move is represented by the combi-
nation src x dst x piece-type x move-type. This is also referred to as the
Hybrid move representation, as it combines both the piece and move type.

BoardVal Model: This model captures the board state using specific feature sets:
Piece-Position (PP), Move-Set (MS), and Piece-Position-Move-Set (Hybrid).

— Piece-Position (PP): The board is represented by features that describe
which specific pieces are on which squares. Each feature is a combination of
sq %X piece-type. For example, if a board has a white pawn, a white king, and
a black king on squares al, a4, and c6 respectively, the features would be:
al-wp, a4-wk, and c6-bk.

— Move-Set (MS): The board is represented by features that describe which
moves are possible for the position. Each move is represented using the same
Hybrid move representation as defined earlier.

— Piece-Position-Move-Set (Hybrid): This representation combines both
the positions of pieces on the board and the possible moves. Moves are rep-
resented using the Hybrid format, while pieces are represented by sq X piece-
type. This is also referred to as the Hybrid feature set, as it combines both
piece positions and possible moves.

Model Random: As a baseline, we include a model that selects a move at ran-
dom (from the set of possible moves) to evaluate whether our models have learned
anything meaningful.

5.1. Accuracy

Overall Accuracy Figure presents the accuracy of the Urgency Model using differ-
ent move representations (Piece-Type, Move-Type, and the Hybrid), achieving accuracies
of 20.6%, 23.8%, and 25.2%, respectively. In comparison, Figure shows the accu-
racy of the BoardVal Model across various feature sets (Piece-Position, Move-Set, and
the Hybrid), with corresponding accuracies of 16.8%, 15.3%, and 24.1%. Both models
show a clear improvement over the Random model, which achieves only 6.2% accuracy.
The Urgency Model demonstrates more consistent performance across its different move
representations, while the BoardVal Model shows greater variation between its feature

58 Bachelor Thesis, TU Berlin, Chair Neurotechnology, 2024



Alexander Herbrich Learning Explainable Move Prediction for Chess

Overall Accuracy of Urgency Models Overall Accuracy of BoardVal Models
0.25 0.25
I 0.20 | 2 0.20
E =
= 0151 = 0.15¢
3 3
<0107 < 0101
0.00 0.00
MT PT Hybrid Random PP MS Hybrid Random
Choice Choice
Model Version Model Version

(a) Accuracy of the Urgency Model across dif- (b) Accuracy of the BoardVal Model across
ferent move representations different feature sets

Figure 5.1.: Accuracy of the Urgency and BoardVal Model. The Urgency Model (Figure
achieves accuracies of 20.6%, 23.8%, and 25.2% with the Piece-Type,
Mowe-Type, and Hybrid move representations, respectively. The BoardVal
Model (Figure attains accuracies of 16.8%, 15.3%, and 24.1% using the
Piece-Position, Move-Set, and Hybrid feature sets, respectively. The random
model has an overall accuracy of 6.2%.

sets. In both models, the hybrid approach performs best. Overall, comparing the most
accurate versions, the Urgency Model appears to slightly outperform the BoardVal Model.

Top-k Accuracy The top-k accuracy measures how often the expert’s move appears
within the top k& highest-ranked moves predicted by each model.

Figure shows the top-k accuracy of the Urgency Model for various move representa-
tions. As k increases, the accuracy improves, approaching 100%. Initially, the accuracy
of the Urgency Model across all representations increases rapidly, but the rate of im-
provement slows as k grows. Consistent with overall accuracy, the Hybrid representation
performs the best, followed by Move-Type and then Piece- Type. However, the differences
in performance between these representations are generally small, only differing by a few
percentage points. All models consistently outperform the Random model for different
values of k.

Similarly, Figure [5.2a] presents the top-k accuracy for the BoardVal Model. While the
overall shape of the curve is similar to that of the Urgency Model, the differences between
feature sets are more pronounced. For k values between 5 and 15, the Hybrid feature set
outperforms the second best Piece-Position feature set by around 8%-10%. Interestingly,
the Move-Set feature set performs particularly poorly for k values between 5 and 30,
reaching its lowest point at k = 18, where the BoardVal Model performs no better than
random guessing.

Figure [5.3] compares the best performing move representation with the best performing
feature set. In the Top 5, both models rank the expert move with an accuracy of 57.8%
(61.1% for the BoardVal Model); in the Top 10, accuracy rises to 74.3% (77.3%); and
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Figure 5.2.: Top-k accuracy of the Urgency and BoardVal Model, which measures how
often the expert’s move appears in the top k£ highest-ranked moves by the
model. Both models show a substantial improvement over the random base-
line across most configurations. However, the BoardVal Model’s Move-Set
feature set performs notably worse for moderate values of k, approaching
random performance for certain ranges.

in the Top 20, it reaches 90.7% (91.9%). Although the BoardVal Model’s accuracy is
approximately 1% lower than that of the Urgency Model at & = 1 (perfect prediction),
it begins to outperform the Urgency Model as k increases, peaking with a 3.4% accuracy
advantage at k = 8. Beyond k = 25, the performance difference between the two models
becomes negligible, with both displaying nearly identical accuracy.

Accuracy vs. Training Data Size Figures and illustrate how model accu-
racy improves as the size of the training data increases. For both models, accuracy
rises somewhat rapidly within the first few thousand games before gradually leveling
off, approaching the performance of a fully (or near fully) trained model. The x-axis is
plotted on a log2 scale, so the linear increase—particularly noticeable in the Urgency
Model—reflects exponential improvements in accuracy.

In the Urgency Model, by the time the model has been trained on 1024 games (2'°),
both the Move-Type and Piece-Type representations have nearly converged. However,
the Hybrid representation continues to improve, gaining about 2% additional accuracy
even after the other representations plateau. It reaches full convergence around 60,000
training games.

The BoardVal Model follows a similar pattern of rapid initial improvement, but the Piece-
Position and Mowve-Set feature sets show more gradual trends, with accuracy increasing
steadily but at a slower rate compared to the Urgency Model. Interestingly, the Hybrid
feature set maintains a faster learning rate, even after 128 games (27), whereas the other
feature sets have already begun to plateau. The Hybrid set outperforms the others,
gaining a notable accuracy advantage, especially after 60,000 training games, where it
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Figure 5.3.: Top-k accuracy comparison between the best performing Urgency Model
(Hybrid) and best performing BoardVal Model (Hybrid). The Urgency
Model outperforms the BoardVal Model for perfect predictions (k=1) by
approximately 1%. However, as k increases, the BoardVal Model begins to
perform better, reaching it’s peak advantage of 3.4% at k = 8. In the Top
5, the better performing BoardVal Model ranks the expert move with an
accuracy 61.1%; in the Top 10, accuracy rises to 77.3%; and in the Top 20,
it reaches 91.9%.

continues to improve slightly—suggesting that the model has not yet fully converged.

Accuracy vs. Game Stage Figures and illustrate how model performance
varies across different stages of the game, plotting accuracy against the half-move number
(ply). Both models, except the Move-Set feature set for the BoardVal Model, follow a
similar trend: they perform best in the early game, where the Urgency Model achieves up
to 40% accuracy and the BoardVal Model around 32%, both far surpassing the Random
model’s sub-5% accuracy. However, accuracy declines between moves 12 and 25, followed
by a gradual improvement as the game progresses into the mid and late stages. Despite
this recovery, neither model’s mid- and late-game accuracy returns to its early-game peak.
Interestingly, this pattern of steady improvement as the game progresses is also observed
in the Random model, suggesting that the trend may be caused by the reduced number
of possible moves as the game advances, rather than a reflection of model superiority.
The Move-Set feature set in BoardVal Model stands out as an exception— it does not
benefit from the early-game accuracy spike and starts with very low accuracy.

Figure compares the best performing Urgency Model (Hybrid) with the best perform-
ing BoardVal Model (Hybrid). From ply 20 onwards, there is little to no difference in
accuracy between the two models. The main distinction arises in the early game, where
the Urgency Model consistently outperforms the BoardVal Model by 5%-10%. This early-
game advantage appears to be the primary contributor to the Urgency Model’s overall
higher accuracy.
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Figure 5.4.: Accuracy as a function of training data size for the Urgency and BoardVal
Models. The x-axis is plotted on a log2 scale, meaning that the early linear
increases represent exponential improvements in accuracy as more training
data is used. All configurations, except for the Hybrid feature set of the
BoardVal Model, have plateaued after 60,000 training games, as indicated
by the horizontal slope for most models at that point.

Accuracy vs. Move Type Figures[5.7aland [5.7b|explore the model’s performance across
different move types.

The Urgency Model performs exceptionally well on promotion, king-side castling, and en
passant moves, achieving accuracies between 90% and 95%. It also yields solid results on
capture moves, reaching approximately 60% accuracy with the Move-Type and Hybrid
representations. However, the model struggles with quiet moves, where accuracy drops
to between 10% and 15%, representing only a modest improvement over the Random
model’s 6.5%. Interestingly, the Piece-Type move representation performs poorly on
captures and promotions, achieving only 31% accuracy on capture moves (compared to
60% for other representations) and 0% on promotions — worse than the Random model.
This poor performance on promotions can be explained by a key issue: in the Piece-Type
move representation, all promotion moves (knight, bishop, rook, and queen) share the
same move representation since it reflects the piece type of the moving piece (a pawn).
As a result, the model cannot distinguish between these promotion moves. This suggests
a straightforward solution: using the piece type on the destination square instead of the
source square.

Similarly, the BoardVal Model exhibits variations in accuracy based on move type, though
the improvements are less pronounced than those of the Urgency Model. Notably, the
BoardVal Model performs poorly on promotion moves, with results barely above random
guessing. Overall, the best performing Urgency Model (Hybrid) significantly outperforms
the BoardVal Model across most move types. The BoardVal compensates for this by
maintaining a slight edge of 5.8% higher accuracy on quiet moves, which constitute the
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(a) Accuracy per ply for the Urgency Model (b) Accuracy per ply for the BoardVal Model
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Figure 5.5.: Accuracy per ply for the Urgency and BoardVal Models. Both models per-
form best in the early stages of the game (ply 0-20). Performance declines in
the mid and late-game stages, gradually improving over time (as like the ran-
dom baseline), but never returning to the initial peak. A notable exception
is the Move-Set feature set in the BoardVal Model, which follows a different
pattern.

Quiet | Double Push | King Castle | Queen Castle | Capture | En Passant | Promotion
Absolute | 584281 57155 15101 2221 184376 545 2553
Relative | 69.05% 6.75% 1.79% 0.3% 21.79% 0.06% 0.3%

Table 5.1.: The table lists the absolute and relative occurrences of each move type in the
test set. Quiet moves are by far the most common, followed by captures and
double pawn pushes. King-side castling breaks the 1% mark, while queen-side
castling, en passant, and promotion moves are much rarer, each accounting
for less than 1% of the total moves.

majority (69.05%) of all moves as listed in Table

5.2. Interpretability and Efficiency

When considering the interpretability and efficiency of a predictive model, one of the
most fundamental yet important specifications is the actual weights (parameters) of the
model. These weights define our trained model and enable us to make predictions. In
our case, the parameters of our model correspond to the urgencies (or feature values).

Number of Board Features and Moves Tablel|5.2| presents the number of board features
learned during training—those encountered throughout the training process — alongside
the total number of possible board features one could have encounteredlﬂ Similarly,

!The number of possible features for each feature set was calculated as 64 x 12, 64 x 64 x 14, and
64 x 12 + 64 x 64 x 14, respectively - using the number of possible values for src (64), dst (64),
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Figure 5.6.: Accuracy per ply comparison between the best-performing Urgency Model
(Hybrid) and BoardVal Model (Hybrid). The Urgency Model reaches a peak
accuracy of 40%, while the BoardVal Model peaks at 32% - both in early
stages of the game. In the later stages, both models show nearly identical
performance.

PP MS | Hybrid
Number of features encountered (observed) | 732 | 3808 4541
Number of theoretical features (possible) 768 | 57344 | 58112
Ratio observed vs. possible 95.3% | 6.6% 7.8%

Table 5.2.: Number of observed and possible board features for each feature set

Table provides insight into the number of move urgencies learned versus the number
of unique moves possible under each move representationﬂ Notably, for most feature
sets and move representations, only a small fraction of the possible board features (or
moves) is encountered during training. For example, in the Urgency Model, using the
Hybrid representation, one encounters only about 2.2% of the possible moves. This
suggests that many combinations of source square, destination square, piece type, and
move type either do not occur in actual game-play (since chess rules do not allow for
them) or are extremely rare at an expert level of chess. A notable exception is the
Piece-Position feature set of the BoardVal Model, where nearly all possible features are
encountered while training (95.3%). On closer inspection, we notice the following: Since
pawns cannot legally occupy the first or last ranks of the chessboard, there are in fact
only 64 x 10 + 48 x 2 = 732 valid positions, meaning that all 732 (true) possible features
are seen at least once during training. This finding is not particularly surprising, given
that we trained on 60,000 games; it is reasonable to assume that every piece occupied

move-type (14), and piece-type (12).
2The number of possible moves for each representation was calculated as 64 x 64 x 12, 64 x 64 x 14,
and 64 x 64 x 12 x 14, respectively.
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(a) Accuracy per move type for the Urgency (b) Accuracy per move type for the BoardVal
Model across different move representa- Model across different feature sets
tions

Figure 5.7.: Accuracy per move type for the Urgency and BoardVal Models. Both mod-
els exhibit move-specific accuracy differences. The Urgency Model excels at
promotions, king-side castling, and en passant moves, achieving accuracies
above 90%. In contrast, while the BoardVal Model also shows improve-
ments for specific move types, these are less pronounced overall. However,
the BoardVal Model maintains a slight edge, with 5.8% higher accuracy on
quiet moves (the majority, at 69.05%, as noted in Table , for the best
performing Hybrid configuration.

PT | MT | Hybrid
Number of moves encountered (observed) | 7620 | 3808 15107
Number of theoretical moves (possible) 49152 | 57344 | 688128
Ratio observed vs. possible 15.5% | 6.6% 2.2%

Table 5.3.: Number of observed and possible moves for each move representation

every square at some point within such a large dataset.

Visualization of Board Features and Moves Next, we visualize the features and move
representations for the example move representation Piece- Type and the feature set Piece-
Position.

Figures and visualize the Piece-Position feature set, specifically showing heat
maps for the white pawn and the white king. For each square sq, we output the mean
value of the feature piece-type x sq, using colors that range from blue to beige. In these
heat maps, blue indicates negative mean values, while beige represents positive mean
values. Similarly, Figures and visualize the Piece-Type move representation,
displaying heat maps for the black pawn and black queen. For each combination of source
(src) and destination (dst) squares, we output the mean value of the move urgencies src
x dst x piece-type, with colors ranging from red to blue. Blue indicates negative values,
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Visualization of Feature Set Visualization of Feature Set
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(a) Visualization of features involving the (b) Visualization of features involving the
white pawn white king

Figure 5.8.: Visualizations of the Piece-Position feature set. Figuresanddisplay
heat maps for the white pawn and the white king, respectively. Each tile
represents the mean value of the feature piece-type x sq, with color gradients
ranging from blue (indicating negative values) to beige (indicating positive
values).

and red represents positive values. It is noteworthy that there is a significant proportion
of white area in the heat map. White signifies a zero mean, primarily caused by many
sre to dst combinations simply being impossible. The value for these moves is assumed
to be zero (i.e., a mean of 0). Overall, the fascinating patterns that emerge here possess
a unique structure dictated by the specific rules of chess, which restrict how pieces can
move. These visualizations allow for intriguing interpretations that we will explore in

the next chapter, the

Training Time and Resource Allocation Regarding computational requirements, as
briefly mentioned at the beginning of this chapter, the models were trained on a system
equipped with an Apple M1 processor and 16 GB of RAM. Training the Urgency Model
with 60,000 games took approximately 10 minutes, while the BoardVal Model required
slightly more time, ranging from 20 to 30 minutes on the same system. In general, training
the BoardVal Model takes longer for larger feature sets because the sum-factor involves
more message updates (to every board feature). In terms of memory consumption, there
is nothing significant to report; the number of features (or urgencies) is, at least for
the current feature sets and move representations, small enough that memory poses no
restriction. Additionally, at no point during training not even during the construction
of larger factor graphs (60+ boards, each with 80+ features) — did memory impose
any constraints. We also want to note that the code is optimized for readability and
reproducibility and includes model dumping and debugging tools. Moreover, as noted in
the [[mplementation| chapter, the factor graph updates and Gaussian object incorporate
many built-in error handlers. We believe that an optimized version of the code could run
at least an order of magnitude faster than the current version.
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Visualization of Moves
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(a) Visualization of moves involving the black pawn

Visualization of Moves
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(b) Visualization of moves involving the black queen

Figure 5.9.: Visualization of moves under the Piece-Type move representation. Figures
and display heat maps for the black pawn and the black queen,
respectively. Each tile represents the mean value for the combination src x
dst x piece-type, with color gradients ranging from blue (indicating negative
values) to red (indicating positive values). Many tiles show a mean of zero,

indicating that certain moves from one square to another do not exist.
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6. Discussion

In this chapter, we conduct a critical analysis of the results from our explainable chess
move prediction approach using inference over a ranking model to learn this function. We
will interpret the findings and contextualize them within related research. Furthermore,
we will discuss the implications of our results, delve into potential improvements and
areas for future research, and highlight the limitations of our work.

Both the Urgency and BoardVal Models (in there best versions) achieve an accuracy of
approximately 25%, which is four times higher than that of a random model (see Figures
and . While 25% may not seem particularly impressive at first glance, it is
important to note that even strong human players often disagree on the best move, as
pointed out by Stern et al. in their 2006 paper "Bayesian Pattern Ranking for Move
Prediction in the Game of Go" [45]. For comparison, the model applied to Go achieved
an accuracy of 34%, which was considered excellent. Although Go presents significantly
more possible moves — especially in the early stages, where hundreds of options exist
compared to the typical 10-50 moves in a chess position — we believe that our prediction
accuracy of 25% is still reasonably strong. It essentially increases the odds from 1 in 20
to 1 in 4.

Upon further inspection, the difference in overall accuracy between our models and the
Go model likely stems from how the moves are represented, which significantly enhances
the Go model’s early game prediction performance. In the Go model, moves were rep-
resented by the resulting board state, specifically the largest possible sub-board found
in the pattern base. This allowed for near-perfect pattern matching and highly accurate
predictions in the early stages, as evidenced by the statement that "in almost all cases
where [the model| match|ed] a full board pattern, the resulting ranking glave| a perfect
prediction of expert play" [45]. In contrast, our models do not directly incorporate the
board state, which limits their ability to achieve perfect pattern matching. This limita-
tion is reflected in the early phases of the game, where we observed accuracies between
30% and 40% (see Figures and . Although these figures are relatively strong,
they fall short of the near-perfect predictions seen in the Go model during the same game
stage. While this limits peak accuracy, we view it as a trade-off for better generalization,
especially since our model was designed with interpretability as a key focus.

When comparing the Urgency Model and the BoardVal Model, several interesting obser-
vations arise. The motivation for introducing the alternative BoardVal Model stemmed
from a potential limitation of the Urgency Model: it ranks moves somewhat indepen-
dently of the board context in which they occur. For example, consider the move e2-e3,
which can occur in various situations. The Urgency Model learns to rank this move based
on its urgency across all instances where it is a possible option, with each instance con-
tributing to the model’s learning. This results in an average urgency value that applies to
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all cases. However, we thought this approach might overlook important context-specific
differences, such as when e2-e8 might be optimal in one position but suboptimal in an-
other. To address this, we introduced the BoardVal Model, which aimed to capture these
context-dependent nuances. Instead of ranking moves in isolation, the BoardVal Model
ranks the resulting board positions based on their board value.

To our surprise, the results show that the BoardVal Model does not perform better than
the Urgency Model. When comparing the best-performing versions of each model (the
Hybrid feature set for BoardVal and the Hybrid move representation for Urgency), the
Urgency Model still has a 1% higher overall accuracy (see Figures and . This
performance gap widens even further when comparing models using less effective feature
sets and move representations.

Interestingly, when we examine top-k accuracy, the BoardVal Model, while having worse
perfect prediction accuracy at k = 1, gains additional accuracy as k increases. At k = 8,
the BoardVal Model outperforms the Urgency Model by up to 3.4% (see Figure .
This suggests that the BoardVal Model may indeed be capturing some of the context-
specific improvements we aimed for. The notion of stronger and weaker moves seems to
integrate better in this model than in the Urgency Model. Supporting this theory, the
BoardVal Model shows a 5.8% higher accuracy when ranking quiet moves (see Figures
and , which often have a more subtle, strategic and context-dependent natureﬂ
In contrast, the Urgency Model excels in more decisive moves, such as capture, promotion
and castling moves. We believe this is due to the way such moves are encoded. Consider
the following example: if a capture is the expert move, the Urgency Model can easily
detect it (through the capture flag encoded into the move representation), while the
BoardVal Model would need to infer this through features of the resulting board, making
it harder to "recognize". Similarly, in positions where promotion or castling is the optimal
move, the Urgency Model performs better, likely due to its straightforward approach to
move-specific tasks.

In terms of accuracy over different stages of the game, both models perform similarly, with
the Urgency Model having a slight edge in the early game (see Figure. The reason for
this is unclear, and any explanation would be speculative. Overall, the two models achieve
comparable accuracy but through different mechanisms. The Urgency Model performs
particularly well in the early game and in move-specific scenarios like promotions and
captures, while the BoardVal Model exhibits more consistent performance across all game
stages and move types, potentially indicating better generalization. When analyzing
accuracy in relation to training data size, we noticed that the BoardVal Model may not
have fully converged yet (see Figure , suggesting that both models could ultimately
reach similar prediction performance. One additional, and notable advantage of the
BoardVal Model is that it can not only be used for move prediction — such as ordering
moves for exploration in search — but also for board evaluation.

When moving from interpreting results to suggesting potential improvements for the

"While chess-specific knowledge is typically passed down through word of mouth, blogs such as those
by Grandmaster Pawel Eljanow and high-Elo player ThePianoManRyan provide insights into the
subtlety and strategic significance of quiet moves [52] 53]
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models, we identify four key observations that seem particularly promising:

Firstly, when we examine top-k accuracy, the performance curves for the Urgency and
BoardVal models closely resemble those of the ranking model for the game of Go [45].
Although our models have slightly lower accuracy in the early stages, the general trend
remains similar. For instance, at a relatively small value of £ = 5, our models achieve
approximately 61% accuracy (see Figure , compared to 66% in the Go model. At
k = 10, our model reaches 77.3%, slightly ahead of the Go model’s 76%. Notably, for
larger k values, such as k = 20, our model shows approximately 6% higher accuracy
than the Go model [45]. This suggests that we have somewhat replicated the top-k
accuracy results, or at least the trend and shape of the curve, which indicates that we
have implemented key aspects correctly. The fact that Go typically has more possible
moves may explain the better performance of our model as k increases, allowing our
model to converge toward 100% accuracy more quickly due to the lower average number
of possible moves in chess.

More importantly though, unlike the linear top-k curve seen in the random model, our
models show a sharp increase in accuracy at smaller k values (see Figure . This
indicates that they are capturing the idea of stronger and weaker moves, even if they
do not always predict the best move perfectly. We believe that improvements in overall
accuracy, such as through better performing feature sets and move representations, should
also significantly enhance top-k accuracy, particularly at the lower k£ values. Notably,
improving top-k performance, especially in the range of top-3 to top-5, is crucial for
search-based applications. In heuristic chess play (whether by humans or chess engines),
identifying a small set of "best" move candidates is often equally (if not, more) valuable
than finding the single optimal move. In fact, our top-k accuracy suggests that our
models could already be used for move ordering.

Furthermore, our models have a significant advantage over typical move-ordering tech-
niques, as they store values as Gaussians. This allows for an uncertainty measure in move
ranking. For example, in Monte Carlo Tree Search, we could sample the Gaussians for all
move urgencies (or resulting board values) and select the one with the highest value. This
would provide a probabilistic move ordering, favoring those with higher means while still
allowing for exploration of lower ranked moves through a measure of learnt variability.

Secondly, our analysis of model performance over time reveals promising results as
training progresses. The models reach their final accuracy after training on just a few
thousand games (see Figures and . For context, a chess expert might play
around 600,000 games over their career (16 hours/day x 365 days/year x 20 years x 5
games/hour), though this is likely an overestimate, with the true figure closer to 10,000
to 100,000 games. The fact that our model converges so quickly suggests it can infer key
aspects effectively, much like human experts, reaching a "high" level of understanding
from a relatively small number of games.

An interesting observation is that simpler move representations and feature sets tend
to achieve their final accuracy more quickly, whereas more complex representations take
longer to converge but ultimately yield higher accuracy (see Figures and .
Specifically, the Hybrid feature set of the BoardVal model has not fully converged yet,
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suggesting that additional training could further improve its performance.

The convergence time appears related to the complexity of the move representation or
feature set, which influences the number of unique features or moves encountered during
training. For example, the simplest Piece-Position feature set in the BoardVal model
encountered only 732 unique features, whereas the more complex Hybrid set encountered
4,541 (see Table [5.2)). This suggests that the limited number of features in simpler sets
(or moves in the Urgency Model) may constrain the model’s predictive performance.
Essentially, the simpler model attempts to predict expert moves with just a few values,
while more complex feature sets offer a richer array of values, enabling finer-grained
predictions. In other words, more complex feature sets (or move representations) provide
the model with more "knobs" to fine-tune its predictions.

Interestingly, the Piece-Position feature set, despite having fewer features (732) than the
Mowe-Set with 3,803 (see Table , achieves a slightly higher overall accuracy by 1.5%
(see Figure . Moreover, the Move-Set shows worse early game performance (see
Figure and detrimental top-k performance for moderate k values (see . This
indicates that performance relies not only on feature complexity but also on the quality
of the feature design. A well-constructed feature set appears to capture more relevant
information, enhancing model performance. Consequently, future research could focus
on developing more complex and well-designed yet interpretable move representations
and feature sets. Overall, the differences in accuracy across various move representations
and feature sets — particularly pronounced in the BoardVal model — suggest that the
choice of feature set (or move representation) is critical, leaving hope for significantly
stronger models, considering the simplicity of those explored in this work.

Despite the increasing complexity of such feature sets and move representations, we
believe that training should remain feasible. As shown in Tables and while
complex feature sets introduce many theoretical features, only a fraction of them are
encountered during training. Importantly, since the model only needs to store a Gaussian
distribution when a new feature or move is encountered, memory limitations are unlikely
to become a concern. If the number of values does indeed grow too large, we propose
a "garbage collection" strategy as a potential solution. The model could periodically
review all urgency or feature values and remove those that are most similar to their
prior values, retaining only a fixed number of significant values. This approach seems
promising because if a value closely matches its prior, it either represents a rare move or,
even if it is common, its removal would have little impact on performance, as the learned
value was already near the prior.

Thirdly, we observed an intriguing pattern: the model performs better during the open-
ing stages of the game compared to the mid and late game (see Figures and .
While the exact cause is unclear, we speculate that this is because players often follow
well-established opening lines, leading to more consistent expert behavior. In contrast,
accuracy noticeably drops in the mid-game, likely due to the increased variability in
expert decisions as the game progresses and diverges from known theory.

We believe that training the model on even higher-Elo games could improve its accuracy,
as stronger players tend to exhibit more consistent and precise play. Unfortunately, the
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proportion of even higher-Elo games in our dataset was too small to conduct meaning-
ful analysis, and downloading additional data was not feasible on our current systemﬂ
However, with access to more memory or pre-Elo-filtered datasets, it would be possible
to collect and train the model on a larger set of high-Elo games.

Given that training 60,000 games takes only 10 minutes on an Apple M1 chip, scaling up
to train on millions of games is certainly feasible. Considering that more complex feature
sets (or move representations) will likely require additional training to fully converge, it’s
encouraging to know that expanding the training process is both practical and achievable.
Finally, we noticed varying accuracy across different move types (see Figures and
5.7b)). For example, the model performs exceptionally well on promotion moves, likely
because these moves are decisive and relatively predictable when they become available.
Similarly, castling moves are predicted with high accuracy, as they are standard in cer-
tain situations. Notably, castling is only available during specific stages of the game
and becomes impossible once played. It seems as if the model learns the typical timing
and conditions under which experts castle. Capturing moves also show relatively strong
accuracy, likely due to the consistent behavior associated with material gain or forced
sequences. In contrast, quiet moves — those that do not immediately threaten the op-
ponent— prove more challenging for the model, exhibiting poor accuracy. This difficulty
may arise from the subtlety of such moveaEL which are harder to predict.

Interestingly, we found that move types with higher accuracy tend to be less frequent
in the dataset (see Table [5.1)). For example, while promotion moves are rare (0.3% of
moves), they are almost always predicted correctly. In contrast, quiet moves with low
accuracy occur far more frequently (69.05%).

We believe that this connects to our earlier observation that more complex feature sets
and move representations seem to lead to higher overall accuracy, likely by allowing
the model to better distinguish between different (type of) moves (on different boards).
Specifically, the strong results in move-specific prediction tasks suggest that "subtyping"
(e.g., into quiet, castling, and promotion as we did) is an effective what to introduce
complexity into feature sets and move representations — an area we find intriguing for
future research.

In particular, we propose an enhancement for the Urgency Model, although the exact
implementation remains unclear: quiet moves are particularly challenging, likely due
to their subtlety and context-dependent natureﬁ. It therefore seems logical to include
some kind of context flag in the move representation and further subtype this group.
Specifically, if we could cluster boards into n groups based on some measure of similarity,
we could add this cluster index to the move representation, thereby further subtyping
moves by the context in which a move was played. This could split the quiet move
group into n smaller categories, each potentially benefiting from subtype-specific accuracy
improvements.

2Though the training file, after Elo-filtering and cleaning, is rather small (a few hundred Megabyte in
size), the size of even larger raw data files was too large to unpack on the training and testing system.

3See footnote

4See footnote
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Overall, we believe our model demonstrates good performance with significant potential
for improvement, although we were unable to fully replicate the perfect prediction ac-
curacy levels achieved in Stern’s "Bayesian Pattern Ranking for Move Prediction in the
Game of Go" [45].

To conclude, we would like to propose an additional adjustment that could further en-
hance model accuracy. As discussed in the Results chapter, we used a beta value of 1 (or
2 for the BoardVal model) during training. This is relatively high, particularly since the
prior variance of features is also set to 1, essentially implying that the model accounts
for as much (or more) noise as there is uncertainty in the target values. We opted for
this higher beta to address NaN errors that emerged from the greater-than factor dur-
ing training. Upon investigation, these errors arose when the model had already learned
about a move but then encountered a situation where the expert move had a significantly
lower urgency (or board value) compared to other options. In these instances, the model
struggled to "explain" why the expert selected that move, leading to NaN errors because
it could not assign a sensible probability to the outcome. We suspect this occurs when
experts make substantial mistakes or "blunders." One possible solution would be to skip
examples that result in NaN errors, which would allow us to use a smaller beta since
we would not need to assume as much noise to account for these "unexplainable" situa-
tions. Additionally, we considered an alternative approach: modifying the greater-than
factor to a probabilistic one, which would enforce the greater-than condition in p% of
cases while allowing for exceptions in (1-p)% of cases. Although this adjustment was not
included in the final model, initial tests suggest it could help prevent NaN errors and
reduce the model’s tendency to assign extreme values in nearly "unexplainable" cases,
thereby minimizing the risk of extreme updates in the model.

Beyond accuracy, interpretability was a central focus of this research, even at the po-
tential cost of some predictive performance. Fortunately, our model’s design facilitates
inherent interpretability, primarily due to the structured nature of the factor graph, in
which each "layer" conveys a specific meaning. This stands in contrast to neural net-
works, where the interpretability of individual layers can be more opaque. Furthermore,
the use of relatively straightforward feature sets and move representations enables effec-
tive visualization of the model’s learned patterns. These visualizations provide valuable
insights, showing that the model’s results align with human understanding—a primary
goal of this thesis.

For instance, in the Piece-Position feature set, the heatmap for the white pawn (see
Figure indicates that advancing toward the promotion squares (the second-to-last
rank) is beneficial, as reflected by the positive mean values for those squares. Conversely,
leaving the central d- and e-pawns on their initial squares is detrimental, as shown by
the negative values. This observation aligns with standard chess theory [54], which
emphasizes central development and pawn advancement as advantageous strategies. For
the king (see Figure, the model accurately infers that castling— whether kingside or
queenside — is generally beneficial [54], evidenced by the relatively high mean values for
those squares and lower values for adjacent ones. It also recognizes that positioning the
king at the edge of the board is usually poor, likely due to the increased risk of checkmate,
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while keeping it near the center is supposedly better, likely due to greater freedom of
movement. Additionally, the high mean values on the third-to-last rank suggest that the
model understands the king’s role in assisting pawns during promotions in the endgame
[54].

The move representation is also interpretable. For each piece type, we can analyze the
performance of moves from one square to another. In the heatmaps (see Figures
and , many fields are white (indicating a zero mean) because certain moves are
impossible for specific source-to-destination square combinations. However, when we
focus on relevant fields, clear trends emerge. For example, the heatmap for the black
pawn (see Figure reveals that central double-pawn pushes seem somewhat favorable,
while pushes on the outer files are less advantageous. Similarly, the heatmap for the black
queen (see Figure shows that moving the queen to the last rank (fields 57-64) is
generally not very good, as indicated by lower mean values. The only exceptions occur
when the queen is already on the last rank (fields 57-64) and simply re-positions within
those squares.

Moreover, the interpretability of the model offers an additional benefit: it facilitates the
analysis and further optimization of feature sets. One of our key observations was that
the model intuitively promotes or demotes certain moves and the positioning of pieces
on specific squares in ways that align with human intuition. These learned values apply
consistently across all stages of the game. A straightforward extension to enhance the
model would involve introducing a more complex feature by combining existing feature
sets with the ply number (or some other form of game stage). This adjustment would
allow the model to learn game stage-dependent piece-square values; for instance, it might
then assign an even higher bonus for advancing the king in the late game while promoting
a more defensive strategy in the early game.
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7. Conclusion

This thesis explored a novel approach to chess move prediction, prioritizing interpretabil-
ity while aiming for relatively high accuracy and efficient training. We achieved a pre-
diction accuracy of 25%, which, while good, falls slightly short compared to the excellent
34% prediction accuracy in the model introduced in "Bayesian Pattern Ranking for Move
Prediction in the Game of Go" [45]. We noticed that the accuracy gap is particularly
pronounced in the early game, where the Go model demonstrates near-perfect predic-
tion performance, thereby gaining an advantage in overall accuracy. However, we view
this as a trade-off for better generalization at the expense of peak accuracy. Regarding
top-k accuracy, we successfully replicated the results and observed significant improve-
ments over the random model. This indicates that our model effectively distinguishes
between stronger and weaker moves, even if its perfect prediction performance may not
be exceptional. In fact, the strong top-k accuracy suggests that our model could already
be used as a move exploration or ordering technique in search algorithms. Our results
also demonstrate that the model learns quickly, reaching final accuracy faster when us-
ing simpler feature sets and move representations. Additionally, more complex feature
sets and move representations seem to lead to higher accuracy, although they require
more training — an area worthy of further investigation. The model also performed
exceptionally well in specific prediction tasks (such as move type-specific predictions),
highlighting the potential for even greater accuracy through more expressive feature sets
and move representations. Overall, the model shows considerable promise for further
improvement. In terms of interpretability and energy efficiency, we successfully met our
goals. The model is highly interpretable — both in terms of the learned values and its
overall design. It captures patterns that align with human intuition in chess. Initial tests
suggest that the model is also energy-efficient during training, as in terms of its ability to
converge to a "trained" state after a relatively small number of games without requiring
extensive training. However, we have not extended this analysis to more complex model
designs, which might demand significantly more training but could offer higher accuracy.
More importantly though, this study provides an introductory exploration of Bayesian-
based methods (as applied to chess), which could be extended to other fields of Al that
seek more interpretable models and results. This approach may be particularly useful in
domains less complex than chess, where neural networks might be unnecessarily complex.
In future studies, we plan to incorporate this move prediction function into search-based
algorithms, such as Monte Carlo methods, and evaluate its performance in actual game-
play. We also aim to then test the engine against human players to further understand its
strengths and weaknesses. Additionally, we intend to continue exploring meaningful and
expressive feature sets to improve accuracy, as well as consider refinements or a complete
redesign of the model structure for future research. In conclusion, we believe this work
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contributes to narrowing the gap between raw computational power and human-like
strategic thinking in chess, while also offering valuable insights into the broader field of
artificial intelligence, with a focus on interpretability.
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A. Proofs

Proof of Theorem[]l In order to prove this theorem, we show that
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time, we have

2 _ —_1\2
(1 —p2)” = (7'101 't 7202 1)

(p1 — M2)2 _ (71/)2 - T2P1)2
o} + o3 p1p2 - (p1 + p2)

1 — 2
(pi'p3t - (rip2 — 72p1)) =

To complete the proof, we see that

P11 P2 p1+ P2 p1p2 - (p1 + p2)
~ (mp2)® + (r2p1)® = 2 (11p2) (12p1)
a p1p2 - (p1 + p2)
_ (r1p2 — map1)”
~ pip2- (o1 +p2)’

L12 + L22 (n +1)? _Tip2 - (p1+p2) +73p1 (pr+ p2) — prp2 - (11 + 1)

which shows the equivalence of the exponential term of (A.2]) and (A.3)). O
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Proof of Theorem[3. In order to prove this theorem, we use Theorem [I]in the following
form:

G (;73,p3) - G (2572, p2) = G (573 + T2, p3 + p2) - N (s p2, 0% + 03)
G (2713 + 12,03+ p2) _ G (z; 73, p3)

G (w572, p2) N (us; po, 03 + 03)

)

where the second line follows by division with G (x; 72, p2) - N (M3; 2,03 + ag). All that
is left is to set 71 = T3 + ™ and p; = p3 + p2, substitute on the left side, and rewrite
the right side in terms of p1,pu2,07, and o3. It is easy to see that 73 = 71 — 75 and

p3 = p1 — p2. This implies, using ([2.16)), that

9 9 1 1 1 1
0'3‘1’0'2:74‘7: + 5
pP3 P2 P1 — P2 P2

u T3 T — T2
3= = )
P3 L1 — P2

thus, NV (us; p2, 0% + 03) = N (;1:;2; ,%’ plin + p%) Putting it all together

9(37?7'17/)1): 1
G (w572, p2) N‘(rrrz.g 11

p1—p2’ p2’ p1—p2 P2

) 'Q(w;ﬁ—Tz,Pl —,02) .
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